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Introduction

The material in the book is organized in a methodological sequence of characteristic
iIssues in the solid mechanics and elasticity of systems and their elements widely used in
marine engineering, as part of the structures of sea ships, of the shipbuigirnyises
equipment, as well as of the hydraudicucturestheotherstructures, devices and mech-
anisms used for the development of resources of the reservoirs, seas and their shores, etc
The textbook includetheexercises and theoretical sections used in solving of these prob-
lems.

The book discusses the mechanical characteristics and patterns, methods, sequence:
and general algorithms for calculating mechanical systems and their elements, relevant for
the profesmnal training in mechanical issues, in particular the following thematic sections
for specialists involved in the technology of ships constructing, of the marine engineering
equipment and the machinery of the ships, of the offshore rigs, of shipbuildirig and
yards, as well as those carrying out maintenance of these objects

1. Forces, moments of forcdbe systems of forceshe pairs of forcesthe coordi-
nate systemshe balancef a systemthe mechanical systems in marine structures, con-
nectionsn mechanical systems.

2. Static calculations of elements of the mechanical systems (the frames and
trusses), finding of the reactions and creating the force diagrams, thénmbraent
method, the moving loads and lines of influences.

3. Static indefinallity of mechanical systems. The canonical equations of the force
method and the displacements one used to determine the reactions under static indefina-
bility.

4. Using the computer algebra system Mathcad and the Microsoft EXCEL program
for mathematical operations on matrices and vectors, to determine the displacements of
nodes of mechanical system, usinghihe hr 6 s , and tb &ng therkactions, forces
anddisplacements using the finite element method

5. The mechanicaustainabilityof compressed elastic elements of the marine struc-
tures, the influence of material plasticity on ustainabilityof system

6. The $iear and torsion dhemechanical syste elements.

7. Stresgstrain state of the elastic elements of mechanical systems, the hypotheses
of plasticity and destruction of elements, the main areas and main stiéssase of the
plasticity and destruction concepts to assess the strengthrokttanical system or the
body.

8. The nmethods for specifying the motiasf point and kinematicef elements in
mechanical system# e coordinate systemshe curvature of the motion trajectorthe
instantaneous centerstbe velocities and accelerations



9. Forces acting on elements during the movement of mechanical system (the mech-
anism) and the mechanical patterns of motion under the influence of forces. The momen-
tum, moment of momentunthe kinetic energy

10.The \brations of mechanical systems ahdir elements under the influence of
external forcesThe impact of the mechanical systemight, inertia and elasticityn th
vibration

11. The matterns of shipolling andmotion, the characteristics stistainabilityof
shipmotion in water and af controllability.

The mechanical properties of structural elements used in industries related to the
development of marine resources, includingshipbuilding, aralefinitely universal, re-
lating to systems of different types and their elements, alorygtigt special properties
inherent in them, such as their functioparformancesfor example the suitability of
structures and mechanical systems for storinamsporting ofdry or liquid substances,
transporting goods, the abilitf the structures and systerts withstand the external en-
vironment and its temperature influences, creating certain conditions in enclosed spaces,
the functionality of mechanical systems and their elements, the manufacturabiligy of th
systemsand elementsonstuctionand suitability for maintenance and recyclitigg con-
trollability of mechanical systentkiring safe and efficient operation, etc.

Despite the specifiedvailability of the speciaperformance®f mechanical sys-
tems and their elemeritghefunctional and technological properties that characterize the
ability of these systems to be used as part of structures and equipment in industries related
to the development of marine resources, includimegshipbuilding, ship repair, and in-
dustrial developmerntf resources of the seas and coasts, i.e. those special performances
that are studiedjefinedand assessed by the appropriate approaches outside the frame-
work of mechanics, these systems and elements alsaheavaversalmechanical prop-
erties and thelastic oneswhich methods of the assessment are discussed in this book in
the sequence and volume, according to the opinion of authors, that contribute to the un-
derstanding of the methodological material, and also allow them to streamline the learning
process andb help students navigate the subject, assimilate concepts, characteristics and
methods of calculatingf mechanical systems, including in the process of independent
study of thebook subject in the sequence of sections included in it tighsufficient
initial preparation, if students also have access to other methodological works and profes-
sional publications, and also have the access to the information sources and the ability to
use the necessary programs in some oisthigesconsidered.

The object in each section of the book is, to a certain extent, an abstract mechanical
system consisting of elements, the properties of which are studied and the characteristics
are determined from the standpoint of mechanics (in relation to a rigid sy@tdrajn
the point of view of the theory of elasticity, and the choice of object in each of those
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discussed in the book exercises is associated with assessing the extent to which the se-
lected object allows one to reveal the applied approach or methodlvdmesand theory
of elasticity.

The book covers, in the appropriate sequence, both the methodological material
necessary to solve the problems set out in the book, and modern methods of catwfulating
mechanical systems and their elements, incluthegnethods of matrix and vector alge-
bra using the EXCEL program in the standard Microsoft Office application package and
using the Mathcad computer algebra system, as well as numerical methods, including the
finite element one, which is widely used in calcmgtelements of mechanical systems.
These methods are shown in the process of their use in calcofediegnents of mechan-
ical systems that can be used as part of structures and equipment in industries related to
the development of marine resources,udatg the shipbuilding, ship repairing, and in-
dustrial development of sea and shelf resources.

The recommended choice of universal programs for calculating mechanical systems
and their elements and for mathematical operatiatismatrices and vectors, for exam-
ple, using the finite element method, or when calculating staticaléfinablemechanical
systems, as well as for solving canonical equationsrticular, the choice of the EXCEL
program and computer algebra system Maths associated both with their general avail-
ability and withexerciseof these programs when used for these purposes

It would be mentionethat there are professional programs for use in mechanical
calculations of certain projects of offshore structumesmsmitted in the form of executable
modules as products of their developers, often with simple instructions for use and a visual
presentation of the results for offshore structures of these projects, including graphical
presentationsAt the same timehe othemprograms, transmitted in the form of executable
files closed to users, I . e. I n the form
they could not be usatlare not intended directlfior marine structures of other projects,
as well ador the independent development of algorithms and mathematical models for
calculating the elements of any mechanical systems, except for the structures of marine
equipment of that project, for which such a program was developed. Created by their de-
velopersas a product, these professional programs for use in the calculations of certain
projects of marine structures would be of little use when teaching methods of calculation
of mechanical systems, except when studying the instructions for these programs them-
selves: entering data and documenting the resuwlishout independently forming a se-
guence for calculating one or another mechanical system, its algorithm and mathematical
model, which is the subject of this book. The narrow focus of programs transimitted
form of executable files (.exe, etc.) created for specific projects, and the closed nature of
the algorithms when transferring such programs to their users, associated both with the
commercial interests of the developers and with the assumptibrugkeas may be
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insufficiently qualified, which in this casgould only have access to data entry and doc-
umentation of the results, also serve as a prerequisite for recommendations to use the EX-
CEL program and the Mathcad computer algebra system to apphgio basisthemeth-

ods for calculating mechanical systems and their elements, to develop algorithiims and
models for such calculations, in particular, for operations with vectors and matrices when
solvingthe systems of equations.

The material in thdook refers to the second of the following two alternatives in
the areas of research of mechanical systems and their elements as part of structures anc
equipment in industries related to the development of marine resources, including ship-
building, ship reair, and industrial development of sea and coastal resources:

(a) the improvement of the theoretical foundations of mechanics, strength of mate-
rials and the theory of elasticity, includitige mathematical research and development of
professional program®r solving narrow problems of mechanic$or certain structural
projects, research of the mechanical properties of new materials and structures, for exam-
ple, the study of nonlinear elastic or composite materials, creation and development of
experimentamethods for these studies, etc.;

(b) creation of methodological works that can be used in the process of studying
mechanics in specialized departments of universities, as well as in industry organizations
in the development of structures, including the aé methods intended for calculations
of mechanical systems and their elements, which in terms of professional training com-
plements the above alternative direction of work related to improving the theoretical foun-
dations of mechanics, strength of materehd elasticity theory.

To find the characteristics of mechanical systems and their elements when perform-
ing the exercises discussed in the book, the external load is assumed to be given, i.e. the
subject is the assessment of the internal $tseissnstate of a mechanical system, except
of certain tasks considered in the book, for example, if external forces arise from the action
of pressure (from water or load), or from the action of a temperature difference, during
thermal deformation of the elemeitisa mechanical system. Physical problems of deter-
mining external loadtle forces, volume othred dimensionalflow rate, productivity,
temperature, amplitude of acting forces, etc.) are usually found in other subject areas and
can serve as independemblplems for research. If there are analogtiesf(inctional or
structural) of mechanical systems and their elements as part of structures and equipment
in industries related to the development of marine resources, including shipbuilding, ship
repair, andndustrial development of sea and coastal resources, the use of these analogues
can serve as a practically convenient formal method of finding the external load for the
calculated offshore structures. By analogy, the external load can be found by selection
using algorithmic models created for the structures being calculated using the methods
discussed in the book. With this approach, in order to determine the external load
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withstood by the analogue, which is subsequently used totli@dorces, moments,
stresses, deformations and displacements for the calculated offshore structure, it is as-
sumed that the calculated mechanical system and its elements will be equal in strength to
the analogues, based on the data of which the witisahielexternal load wdsund.

Unlike textbooks by famous authors on mechanics and elasticity theory, this book
Is aimed at developing practical calculation skills within the framework of modern math-
ematical modeling capabilities, for which theoretical sections are also indiudeel re-
guired methodological extent. In addition, the calculation methods used in mechanics and
the theory of elasticity are shown, based on mathematical operations with matrices and
vectors, for example, the finite element method in the calculatiorfofdations and
stresses in structures and in their discrete models, which is carried out on the basis of the
available programs EXCEL and Mathcad. It can be said that the development of mechan-
ics, the theory of elasticity and the mathematical apparasas which predetermines the
teaching methods in these programs, in theijpodstrial period, in contrast to the pre-
vious stages, is characterized not so much by new information about the laws of mechanics
and the properties of elastic materials in theposition of mechanical systems and their
elements, but today it could be considered generally k@) 10, 11, 21, 23, 25 and
27] how many new possibilities for performing calculati@ml mathematical modeling
within the framework of certain algorittsiior solving problems anatocessinghedigital
information, which creates the appearance and direction of improving modern methods of
mechanics and serves as the basis for new methodological books, which are necessary, ir
particular, for specialists itme field of shipbuilding and marine technolog@iese scien-
tific motives guided the authors when forming the material of this book.

The textbook is recommended by the Far Eastern Regional Methodology Centre of
Russian Ministry of Education for multilevelr ai ni ng wi t hin the g
neering and technology of shipbuilding a
ters and engineers, for the postgraduates, as well for the retraining and skills improving of
the professional directions: 26.042 ¢ Shi pbui |l ding, ocean en:
structure systems engineeringe, 26. 05.01
engineering objectsé and 26.05.05 c¢Navi
graduate students, as well as &mlvanced training of considered issues of educated ex-
perts



Chapter 1. Forces, moments of forces, force systems, force pairs,
coordinate systems, system equilibrium, mechanical systems
in marine structures, connections in mechanical systems

1.1.Mechanical bodies, the action of forces and the interaction of bodies,
axioms of the properties of force vectors

The main issues of statics: the issue of reducing complex systems to a simpler form
and the issue of the equilibrium conditions for various systems of forces.

The conceptsf objects in theoretical mechanese a material point, an absolutely
rigid body, a system of bodies. An absolutely rigid body can be free drfirean

The force (Fig. 1.1.1 a) is the measure of the mechanical interaction of bodies. The
force is a vector quantity, characterized by magnitude, direction and point of application.
Theunit of force in the International System of Units (SNNe wt on ( R.=k gl m/ s

Types of forcesire theconcentrated and distributetieactive forces and reactions
of connectionsthe external and internal forcethie constant forces and variable ones.

m F,
(a) (b) (c) (d) (e)

Fig. 1.1.1. The actions of forces on the mechanic bodies

The system of forceis theset of forces applied to a bodPHOB D .
The systems of forcese spatial, flat, convergent, parallel.

The resultantof o r ¢ e s &:'¥s JPEAMRHD .

Equivalent force systems (replaced by the resultant one):
OHOB fDx PRPEB Y .

The balanced system of fordesvhen "®HBEB F®x 1t

Axiom 1. The axiom about the balance of a system of two foFmeghe balance a
system of two forces (Fig. 1.1.1 b) applied to points of a rigid body, it is necessary and
sufficient that these forces be equal in magnitude and act along one straight line passing
through the points of their application in the oppoditections:
L2 D, O mand OO 1T

Two forces arelenominatedlirectly oppositeinder this condition
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The corollary 1. Under the influence of a single force, a body cannot be in balance.

Axiom 2. If a rigid body is acted upon by the system of forces (Fig. 1.1.1 c), then
when another system of forces equivalent to zero is added (discarded) to this system, the
resulting new system of forces is equivalent to the initially given system of forces.

The orollary 2. The force is a vector sliding along the line of its action.

If: R 11 and® D Ythen®d BOHD* O,

A force acting on an absolutely rigid body can be transferred along the line of action
without changing the effect of thetaim on the rigid body.

Axiom 3. The parallelogram of forces. Two forces applied at one point of a rigid
body can be replaced singleresultant force (Fig. 1.1.1 d) equal in magnitude and direc-

tion to the diagonal of a parallelogram built on the given foi¥es:® O,
The opposite is also true. One force can be decomposed into components using the
parallelogram rule.

The magnitude othe resultant? (the parallelogram diagonal) taking into account

the angles between the forcesisequakto: O O ¢ O 'O ATlO
where] . * T the angle between the force vectorshaparallelogram, equal to

the sum of the angles between each of the force ved@asid'® and their resultan®,
wherein:

Axiom 4. 0n the equality of action and reaction forces (Newton's third law of me-
chanics). Any forcef action has an equal and opposite force of reaction (Fig. 1.1.1 e).

Axiom 5. Axiomofthe¢ s o | i d i The eqgualibriuro of &deformable body (for
example, the equilibrium of a weightless thread loaded with forces at the ends) will not be
disruptedf the condition of transforming it into an absolutely rigid body is imposed on it.

Questions and comments

1.1.1. Models of objects themechanics, the fordethemagnitudeof the mechan-
ical interaction of bodieghetypes of forces.

1.1.2. Thesystem of forces. The resultant of sysiathe forces

1.1.3.Equivalent system aheforces.

1.1.4.Balanced system diheforces.

1.1.5. Axiom on the balance of the system of forces.

1.1.6. Axiom on the property of force as a vector sliding alongjrieeof it action.

1.1.7.Axiom on vector addition of forces according to the parallelogram rule.

1.1.8. The magnitude of the resultant considering the angle between the lines of
acting forces.



1.1.9.Axiom on the equality of action and reaction forcéte Newton's third law
of themechanics).

1.1.10.Mechanicale qui | i brium of a deformabl e b
l idificatione.

1.2. Finding force vector projections
The geometric conditions for finding projections of the force vector.
1. Determination of force vector projections when the force vector and axis belong

to the same plane (Fig. 1.2.1).

line of forcg

_ B
A C
0 /({le By x
X E
X2
Fig. 1.2.1

The projection of the force vector onto the axis corresponds to the difference be-
tween the coordinates of its end and beginiidg: ® w, 0 mifw ®,
O nifw wandO mifw .
The triangled 6 @s right angled, its leg is equal ©:6 0,0 O AT 0
O mifm | Wwt,'O mifwrm | p Y mandO Trif | wTL
An example of determining thgrojections of forces on a plane (Fig. 1.2.2):
O "0 A0 O,,0 0 AlrQ
O O Ai«QO 0,0 O

Y "




2. Determination of projections of the force vector on the axes of the Cartesian
coordinate system when tharce vector does not belong to any of the coordinate planes.

Decomposition of the force vector into projectio®: ® ® ©
and® O p 'O p 'O @

The modulus of each projection of force onto the axis (Fig. 1.2.3) is determined as:
O 0 ATJ00 O AirGand™O0 "O ATlrOwhere ,f and/ i the angles be-
tween the force vector and coordinate a@s0 .0

\\13"
:‘\
£T \
/ !
VA7
/T _)' N
//Z’a \ ﬁ] | A\
/// O\\ : //// Y
X e ————— g
F,
Fig. 1.2.3

Of the three angles between the force vector and the coordinate axes, only two are
independent, becaus® O "O "O,thenAT O AT O AT O p,therefore
it is convenient to use double projection (two vector angles, Fig. 1.2.4), for example, such
i the angle between the vector and one of the coordinate planes, for exarmple:
i the angle between the projection of force in this plane and one of the axes, for example:
TI.
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With double projection of the force on the axes, taking into account the two inde-
pendent vector angles usedand , the resultant angrojectionsare determined as
D D PO 0 Al-Q0 O AiIfgo O OEF]
'O 0 AT«O AIfQ0O0 O Ai.0 OETandO O OBl
Theexamples of determining the projections of forces on an axes (Fig. dr@.5)
O "0,'0 mand'O m
O 1m0 'O AfjGndo O OEI
O "0 AiTO AlrQo | :

-
-
| P

Questions and comments

1.2.1. Finding the projection of the force vector onto an, ahen the force vector

and the axis belong to the same plane.
1.2.2.Determination of projections of the force vector on the axes of the Cartesian
coordinate system, when the force vector does not belong to any of the coordinate planes.
1.2.3.Using doubleprojection and independent force vector direction angles in a
Cartesian coordinate system.

1.3. Vector of the moment of force relative to a point,
magnitude of the moment of force relative to the axis

The ability to determine the moment of force relative to a point or relative to an axis

(Fig. 1.3.1) is necessary to draw up the balance equation. The algebraic moni¥ent
of a force relative to pointis equal to the product of the modulus of forgehe armQ
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taken with the c¢Ptendssterotatei thge bady relative tothe mdment c e
pointTtcounterclockwise (in anothercdsei t h t he ¢cimidus® &Gi gn)

The magnitude of the moment, which igP "O "Qcorresponds to two areas
of a trianglero 6(Fig. 1.3.1).

Fig. 1.3.1

The armQof the force®is the shortest distance from the moment p(iote) tto
the line of action of the force. The vector of moméhtof the force®relative to the point
Ttis equal to the product die radiusby the force vecto®. 0P b "®, the magnitude
of the momentis®) s SGHsSDOET $S@IQ

Thevector of momentP is applied at poletand is directed perpendicular to the

plane in which they liethe force®and the pointt, so that, looking towards the vector,
one can see the tendency of the force to rotate the body counterclockwise (Fig. 1.3.2).

Fig. 1.3.2

The determination of theector of momentelative to a point through the projec-
tion of forces is shown on the vector diagram (Fig. 1.88): 0 B R

>,

P D @
o PO w 0 a P w O p g O @ w O
0 0 O

PG O p® O ®w 0O p b p 0 @0 ,
0 ® O & 00 & O ® OAT#HK o 0O o "o
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Z E,
W, B
|A(x:y;z)
T-: 5 |
i Bz
| Y
/0 | X/
7
/ y
XA—————~————-— -+
Fig. 1.3.3

When solving spatiatsuesthe moment equations are used, including sums of mo-
ments of forces about the axes. The moment of the force relative to an axis is the algebraic
moment of the projection of this force onto a plane perpendicular to the axis, relative to
the point of intersetion of the axis with this plane. The moment of the force relative to

the axis depends on the projection of the force onto the plane perpendiculd@aths,

which is illustrated by the diagram (Fig. 1.3.4). The moment is considered positive if,
looking towards the axis, the tendency of the projection of the force to rotate the body
counterclockwise is visible, and negative, if the tendency of the projection of the force is

visible to rotate the body clockwisg: ® O Q,0 ® T

Fig. 1.3.4

The moment of the fora@relative to thawvaxis is zero if the line of action of the
force intersects the axis or is parallel to the axis, i.e. in variants of the direction of the force

(PAT R), indicated in the diagram (Fig. 1.3.5).
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Fig. 1.3.5

In the first case, the line of action of the projection of the fd?cpasses through
the point of intersection of the axis with the plane perpendicular to it. In the second case,

the projection of the forc®onto this plane is equal to zero.
The correlatiorof the moment of force relative to an axis and the moment of the

force relative to a point on this axis (Fig. 1.370P "FQ pFAT+0

Fig. 1.3.6

The moment of the force relative to the axes (Fig. 1.3.7) is determined as follows:
0 ® mi O O @andd ® O ®
0 ® 0 OEl @l ® 'O OET dandd ® O AlIO ®
0 ® O AITO ORT @0 ® mandd ® O AlfO OBRT &
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Questions and comments

1.3.1.Algebraic moment of the force relative to a poirttearmof moment of the
force relative to the poir{pole).

1.3.2. Thevector of momenof the force relative to the point. Direction of trextor
of momentof force.

1.3.3.Determination of therector of momenof the force relative to a point using
theforce projections.

1.3.4.Moment of the force relative to the axithe cependence of the moment rel-
ative to the axis on the direction of tlvee of action of force relative to the axis.

1.4. Vector transformation of a system of forces
acting on a mechanicalsystem

The ransformation of the spatial system of forces. In the general case, an arbitrary
spatial system of forces is reduced to a force equal to the main vector (the re¥ltant)
and to pair of forces, theector of momentf which is equal to the main momaeik.

The system of forces can be simplifégpending on the magnitudes of the vectors
and on their mutual direction, i.enangle between the vectors, in particular cases.

The particular case 1. Reducing a spatial system of forces to a pair of forces.

If Y mandOP T, then the system of forces is reduced to one pair of forces, and

the main moment of forces in this case does not depend on the choice of the center of
reduction.

16



The particular case 2. Bringing the spatial system of forces teshéant.
If 'Y mand0P T, then the system of forces is reduced to the resultant'®rce

equal in magnitude and direction to the main ved®or "?. The line of action of the
resultant wherein passes through the center of reduction of the sydtacesf

If'Y mOP Tmand w 1T, that is if the main vector and the main moment are
mutually perpendicular, then the system of forces is also reduced to the resultai force

equal in magnitude and direction to the main vecr V.
The particulacase 3. Reduction of a system of forces lying on a plane.

Need to determine the poirt of the application of resultai® (Fig. 1.4.1).

\&

Fig. 1.4.1

Thevector of momenbtP of the resultant? can be represented as an equivalent
pair "YiY¥ , located in the plan@, perpendicular to the torque vectd. Wherein the
leverage of a couple of forces is equal®: O TY.

If the force Ydandone"?, applied to pointt, lie on the same straight line and act in

opposite directions. These tdarces (Yeand¥) make up the balanced system.

The remaining forcé# and is the resultant for a given systé®int of the appli-
cation of the resultartt .

The particular case 4. The spatial system of forces is a dynamic screw (dynamo),
when theresultant vector is parallel to the moment vector.

If the force and the moment are not zé¥o: mand0OP  1and these vectors are
parallel to each other, then such a system is ctiledynamic screw or dynamo, and the
straight line, along which the vectt#is directed, islenominatedhe axis of the screw.

In other words, in the particular case under consideration, the system of forces is
reduced to a force and a pair, the plane tba®f which is perpendicular to the vector of
the force (Fig. 1.4.2). Further simplification of such a system of forces is impossible.
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Fig. 1.4.2

If one takes any point as the reduction center, for example, thedpdingn the free
moment vectobP one can transfer to the point. When transferring of the f#tethe
point® another pair with the moment® ¥ perpendicular to the vector of the fore
will be added, and, therefore, perpendicular to the vector of masent

As a result, the moment of the resulting pair is equabRo: 0P 0 Beandthe
magnitudeof theresulting momentP is greater than theetmomentiP . Thus, theset

momentOP of the resulting pair relative to the centelnas a minimum value.
The particular case The reduction of a spatial system of forcesttie dynamic

screw. If the force and moment are not z&v: 1, 0P 1T and these vectors are not
perpendicular and not parallel to each other, then such a system can be redbeed to
dynamic screw (Fig. 1.4.3). But the axis of the dynamic screw wherein does not pass

through the center of the application of the fole

Fig. 1.4.3

At the center ofeduction that isat the pointtthe main vector of force&?and the
main momenbtP are applied, directed at an angléo each other.

18



One can dravwhd planed through the vector of forc®, perpendicular to the plane
in which the vectors are of the ford&and the momeniP .

Let one decompose the moment ve&rinto two mutually perpendicular vectors
0P andiP , so that vectobP coincides in direction with the main vector of the force
'Y, then the values of the vecid? and(0P are:0 b AlO
andi 0 OEI

Vectors of the forcé?and the momeni  are mutually perpendicular and can be
reduced to the same forc®. Y. For this transformation of vectors one $i® replace

(Fig. 1.4.4) the vector of momedR with pair of forces Yedi¥ , whose leverage is equal
to:Q 0 7TY.

To transfornmone needfo rotate the force paifYediy? in the plane so that vector
of the forceYeeis opposite to vector of the forte

Considering the equality of force vectors accepted in the presumptions for transfor-
mations’Y Ya 'Y, the forces¥Beand'Yare mutually balanced at the point

The force¥ turns out to be applied at the pomtat a distanc€from the pointrt

If the free vectoDP is transferred parallel to itself to the point then a pair will
be foundi the force and moment? ()P  equivalent to the given ones: force and mo-

ment "PHP . So, the result of the reduction is a dynamic screw (torsion).

Thus, the following general options for transforming the spatial systéoncafs to
the simplest form are possible:

1. 1f"%? 1, 0P T then the system of forces is reduced to one pair of forces, and
the main moment in this case does not depend on the choice of the céhéesydtem
reduction.

2.1f"? mandiP T, then the system of forces is reduced to the resultant force

"¥ equal in magnitude and direction to the main vedor "2 The line of action of the
resultant force wherein passes through the centhedystenteduction.
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3.1f"? m 0P Tand| w T, that is if the main vector and the main moment
are mutually perpendicular, then the system of forces is also reduced to the resultant force

¥ equal in magnitude and direction to the main vetor Y.

4.1f'"Y m 0P mand these vectors are parallel to each other, then such a system
is a dynamic screw. In this case, the system is reduced to a force and a couple, the plane
of action of which is perpendicular to th@ce vector. Further simplification of such a
system oforces is impossible.

5.1f"Y 1, 0P mand these vectors are not perpendicular and not parallel to each
other, then such a system is also reduced to a dynamic screw. But the axis of the screw in
this case does not pass through the point of the apphaattiihe forceVY.

Exercisel. The assigned system, consisting of three foi€e3 and™®, bring to
the center at the poimt, the data indicated in the Table 1.4.1 and on the diagram (Fig.
1.4.5).

Tablel.4.1
"0, kN "O, kN "0, kN @ m @ m @Qm Q m
4 3 6 3 4 6 5
A
" ~
C
d
L
> T B

The main vector? of the force system has the form:

Y Y Y b Y @

To determine the projections of the main force vedon the axis, it is necessary
to determine the values of the trigonometric functions of the angles:

AT1O M) OET TP ATIO & mandO BT 1 m.X
The pojections of the main vector of forc&on the coordinate axes are:
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Y O AIIO 0O AiITOATIO o ™ ¢ ™™ 718 1,KN,
Y O OEIlI O AITOOHEIlI o ™ ¢ 1 TX T TiBo , KN,
Y O O OBRT 1 ¢ m§mny 18 T ¢kN.

Main force vector? magnitudds:
Y Y Y Y T T UL TOWT T 1 ¢ T p& ¢,&N.

Direction cosines of the main vect¥are:
Aige — —— myukidge — — ™ WU
andAT & — 8 T W.p

The main moment has the foriFig. 1.4.6):

~,

o 0 b 0 p 0 O

M, —ﬂ‘
7 P MD
7 ' ;
ﬁ/, 0N Y
R._‘_""':‘ = ’M
- y
ny X MZ Myz
Fig. 1.4.6

The pojections of main momerw® on the coordinataxes are:
0 O ® O OBl ® O ORI @
T T 0 T @ @ T&TXT p& g¢ kNI m,
0 O & O AIlO® 1 0 o ™ ¢ p& kNI m,
0 O OET & O AITOATIO &
O T 0 ¢ TETUXTE T ¢80 Y, NI m.

The magnitude of the main momaent is:

0 0 0 O p&og pR cBYp pa@p,p kNI m.
Direction cosines of the main moment are:

Al — — mgox, AT B — —— By

andAT Bhe — : ] P.Q
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Exercise2. The assigned system, consisting of three fof€e3 and®, bring to

the center at the poimt, the data indicated in the Table 1.4.2 and on the diagram (Fig.
1.4.7).

Tablel.4.2
"0, kN "0, kN "0, kN @ m @ m @ m
3 5 2 3 4 3

Fig. 1.4.7

Values of trigonometric functions of the angles of projections of the main vector of

forces'Pon the aes: AT/ O & MY ET ™ 1A TTO ™ OET 1 AirO
L gndOET ™ p.t

The projections of the main vector of forC@sn the coordinate axes are:
Y O AIIOO AITOOEIl v ™M rmxg 1T™ULXTE® & 1M, XN,
Y O O AITO AITO o ¢ mpuxmT™®@ pH ¢,&N,
Y O OFET O OFT v mmxc ™pt & 1mKkN.

Main force vector? magnitudds:
Y Y Y Y CO MY PHPCwWw ¢® mmyx odo1,&N.

Direction cosines of the main vect®are:
Al @ — :— ™T Al @ — :— ™ p X
andA T @& — 88 T T.¢

The projections of the main momaei of forces on the coordinate axis are:
0 'O OET ® 'O ORI
UV T TIXT ¢ T®PTT pBIC,Y kNI m,
0 O AlIO®w O OBl & v T MYXo ¢ TPTO
X® ¢,p k NT m,
0 O &® 0 AilOw 0 o v TMnxt uvdT kNI m,
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The magnitude of the main moment is:

0 O 0 0 pBICY X®cp uvdT p@dT,P kNI m.
Direction cosines of the main moment are

Al ®mp — 88 ™ T, Al M — 88 ™ L U

andAT ®he — 8

3 T® X.W

Exercise3. The assigned system, consisting of three for@es® A T "B, bring to

center at the poirt, the data indicated in the Table 1.4.3 and on the diagraml(Bi§.

Tablel.4.3
"0, kN "0, kN O, kN @ m @ m @ m
5 5 L Vi 6 10 8
Z |
/N
/| | )
/| F
| g
/ |
S
C ,/l/‘;/)a_' ’,/ B
‘/\ y F3% B
i | = kil
X b
Fig. 1.4.8

Values of trigonometric functions of the angles of projections of the main vector of

forcesPonthe axisardA 1| O 1@, OFET T ATTO & mandOET & T1U.X

Y
Y
Y

V)

0
U

Projections of the main vector of forc®on the coordinate axes:
O ATIO O AIfTOATIOuv ™ v WU T TXTE® T
O 0O OBRT v v WG T YT

O OFET O AIfTOOET v ™ v U T mXTE TI.
Main force vector modul®is:'Y %Y Y Y T

Projections of the main moment of ford#s on the coordinate axes are:
O o 0O OBl @ v ¢y v ™Y pm T
0 A0 O AljO ORT &
w Y v VG T TXTE @ T
O ® 0 AiflOw O OET & uv ¢ v
NG T mxe ofm kNI m.
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The magnitude of the main momentis: otk NI m.
Questions and comments

1.4.1.Conversion of the spatial force system to a principal vector and force pair.
1.4.2.Reduction of the spatial force system to a force pair if the main vector is zero.
1.4.3.Reducing the spatial force system to a resultant if the moment is zero.
1.4.4.Reduction of the forces system lying on the plane.

1.4.5.Thedeterminingof dynamic screw (the torsion)

1.4.6.Reducing the spatial force system to a dynamic screw.

1.5. The action of a pair of forces and the transformation
of a pair of forcesto the moment

The pair of forces (Fig. 1.5.1) is the system of two equal in magnitude, parallel and
directed in opposite directions forces acting on an absolutely rigid ody: 0.

A pair of forces is characterized by a plane of actioer is the plane in which the
forces of this pair are located and applieghak of forceshasno resultant

The lines of action of the forces in the pair are parallel, and the magnitudes of the
forces in the pair are equaDd "O "OThe arm of a pair of forces is the shortest dis-
tanceQbetween the lines of action of the forces of this pair.

The algebraic moment is the product of the fo@wy the armQof forcespair (the
shortest distance between the lines of action of farcagair, Fig. 1.5.2):

0 DD 0 Q
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Fig. 1.5.2

It is adoptedthat the algebraic momett "®H® s considered positive (from the
observerds side) i f a pair of forces ten
if a pair of forces tends to rotate the body clockwise.

The algebraic moment of a pair of fordes®H® magnitudds equal tahe area
of the parallelogrand 6 6 (Big. 1.5.3).

Theorem on the equivalence of two pairs of forces located in the same plane. Two
pairs of forcesaredenominateaquivalent if their action on a solid surface is the same,
other things being equal.

A pair of forces "®H® , acting on a rigid body can be replaced with another one
pair of forces ®HD |, located in the same plane of action (Fig. 1.5.3) and having the same
algebraic momenth 9i® O Q 0 OHD .

Conclusions. A pair of force$®H® can be rotateds a rigid figurend transferred
in any way in the plane of its action. Rbepair of forces one can simultaneously change
the armQand the forces® and'®, keeping wherein the algebraic momént®hi® and

the plane of action.
Theorem on the transfer of a pair of forces into a parallel plane. A pair of forces

"ORD , actingin the plane, is given (Fig. 1.5.4).If add two more of the force system
equivalent to zero in the parallel plae: ®H® x T and "®H® x 11 because
L2 0,0 "D, then OHY HDHD [DHD OHD .
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i

R R
} 0T~~__ 1 B
4 BB
Ay
Fig. 1.5.4

One can replace the forcé®.and® by their resultantY ® ©.

Likewise, the forces® and™® one can replace by the resultdyde ® ©.

But these resultant force¥ and Yéare equal in magnitude and opposite in direc-
tion:"?  "Yeethatis "WYee Tt

After discarding the indicated pair of force8#iYee< Ttone can obtain a system of

two forces "®H® , which is with pair of forces and is obtained from the original system
by the equivalent transformations, therefore, the force systems are equivalent:
OHD x BHD .

The vectorof moment of a pair of forces is the vector, numerically equal to the
product of the force by the arm of the pair of forces. The vector of moment (Fig. 1.5.5) is
directed perpendicular to the plane of action of the pair of forces so that, looking towards
the vector, one can see the desire of the pair of forces to rotatedthedumterclockwise.

The vector of moment can be applied at any point on the body affected by the pair of
forces. The vector of moment acting on a rigid body is a free vector and can be transferred

to any point of the body.




The vector omoment of a pair of forcame can findby the product of vectors: of
the force ® or '®) and the vector connecting the points of application of the fotc®s (
or6BasiP 06 ® 6B O

The magnitude of the vector moment of pair of forcesjisal to:

086 ® 06600WVET 'O

The magnitude of the vector moment is equal to the algebraic moment:
0 OB O Q O Q

Theorem on the sum of moments of a pair of forces.

The sum of vector moments of forces in the pairs relative to any point does not
depend on the choice of point and is equal to the vector moment of this pair of forces:

b® PO® P ® P ® b b O, considering that the forces in
the par are opposite and equal in magnitu@: "®, and vector between the points of
the application of forces is equal to the difference between vebtorse 0 Bwherein
the pointrtof application of the momenPis free (Fig. 1.5.6).

0 R ﬁ
7, rg /T2
( A /
B

Fig. 1.5.6

Therefore, the sum of vector moments from each of the forces in th@pAii: B
isequal to the vector product of one of these forces by vectbconnecting the points
of the application of the forceeP ® 0P '® 08 ®, which coincides with the
vector moment of a pair of forc&®. 0P "® (P "'® (B, wherein relative to points
0 AT & moments of forcedP ® AT ® "® areequallP ® (P ® (P

Consequently, the vector of moment of a pair of forces is equlaéteector mo-
ment of one of the forces in this pair relative to the point of the application of the other
force in the pair.

The aldition of force pairs. Two pairs of forces acting on the same body and then

lying in intersecting planes, one can replacebg equivalent pair of forces, the vector of
moment of which is equal to the sum of vector moments of given pairs of forces.

One can consider two pairs of force®R® and ®HD , lying in intersecting
planes (Fig. 1.5.7).
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Fig. 1.5.7

One can add ugheforces, applied in points and6, and find two resultant forces:
Y O YandVe © O

Resultant forces obtaine®.andYearealsotheform of pair: "y Yee

The vector of momeniP of this pair of resultant force$®i¥ is equal to:
b 6B Y 0B ® ® 068 ® 66 O

As a result, one can determine the vector of moment of a pair of resultant forces as
the sum of the vector moments of pairs of given forces:
b 08 ®IP 068 VanddP 0P (P.

That is, thevector of moment of an equivalent pair of forces is equal to the sum of
the vector moments of the given pairs of forces.

The alance conditions for pairs of forces. For equilibrium of pairs of forces acting
on a rigid body, it is necessary and sufficidrdttthe modulus of the vector moment of

the equivalent pair of forces be equal to zéko: T, or so that the vector polyganeated
on the vector moments the given pairs of forces is closed.

In scalar form, the equilibrium condition has the foom: 0 0 0 T,

whereb ,0 and0 T thealgebraic sums of projections onto the corresponding axes of
vector moments of force pairs.

From the above condition of the balance of pairs of forces acting on a solid body,
three equations of equilibrium of a system of pairs of forces in space follow in scalar form:
0 B 0 ,0 B 0 andd B 0

Thus, for the equibrium of pairs of forces applied to a solid body it is necessary
and sufficient that the sum of the projections of the vector moments of the pairs of forces
on each of the three coordinate ax@® (o Xwill be equal to zero.

For equilibrium of pairs oforces acting on a rigid body in one plane it is necessary
and sufficient that the sum of the scalar moments of these pairs of forces be equal to zero.
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Questions and comments

1.5.1. Force couple concept.

1.5.2.Algebraic moment of a pair of forces, it®gnitude and direction.
1.5.3.Theorem on the equivalence of two pairs of forces located in the same plane.
1.5.4.Theorem on the transfer of a pair of forces into a parallel plane.

1.5.5.Vector moment of a couple of forces.

1.5.6.Theorem on the sum afioments of a pair of forces.

1.5.7.The aldition of forces pairs.

1.5.8.Conditions for equilibrium of pairs of forces.

1.6. Equilibrium of a plane system of forces and forms of balance equations

The first (basic) form of the balance equatiohsn arbitrary plane force system.
For the balance of a plane force system acting on a solid body, it is necessary and sufficient
that the sum of the projections of these forces on each of the two rectilinear coordinate
axes located in the plane of theitian be equal to zero, and the sum of the scalar moments
of forces relative to any poit, located in the plane of action of forces was also equal to
zero,thatisB'O mB™O mandB0 ® T

The second form of the equations of the balari@n arbitrary plane force system
For the balance of a flat force system applied to a solid body, it is necessary and sufficient
that the sum of the scalar moments of the forces of the system relative to any three points:
0, 0 ando, located in the planof action of the forces and not lying on the same straight

line, is equal to zero, thatiB:0 ® mBUO ® mandBO ®

The third form of the equations of the balance of an arbitrary flat force system. For
the balance of a plane force system applied to a solid body, it is necessary and sufficient
that the sums of scalar moments of forces relative to any two points Iyiing plane of
action of the forces are equal to zero and the sum of the projections of these forces onto
any axis of the plane that is not perpendicular to the straight line passing through two
moment points was also equal to zero, thadBis: ® mBO ® 1
andB'O 1

Exercisel. Determine reactions in embeddiig & andd (Fig. 1.6.1).

Data’O UVkN,j3 Cc¢kN/m0 wk NT m, Tu,d ¢gmo Tm
and® @m.

One can replacedistributed load) with theconcentrated forcé and apply it in
the middle of the loadedarda 3 @ ¢ Tt U KkN.
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M, a
Xa (D M _—r
5 b
b - A1
‘o
¢ " F
Fig. 1.6.1

One would use the first (basic) form of the balance equations of the arbitrary flat
force system:

BO m &® O AIlO0
® O ATIO0 uv At ¢y 18 @kN,
BO mw®» O OET mand® O OETl v OEKIu o® TkKN,

~

BO ® m 0 O 0 - O OFET & O A0 o

6 0 0 - O OET ® O All0 &

0 w Y - v OFEIVL ¢ v ATt 1 pBrY kNI m,

® 18 N,» o® KN andd pBIYX NI m.
The verification:

BO ® 0 0 & - & & 'O AiO-
pBIX @w T8¢ - od1T @ v ATt - m8iI¢ 1
Exercis€2. Determine the reactions of the frame supp@rigo and'Y (Fig.

1.6.2). Data’O0 okN,; pkN/m,0 Tk NT &, om0 ym.
One can replace distributed load with concentrated force:
0 /B & p @ @KkN.
Geometric dimensions and frame eleme®t& T 1@, AT| O &),
00 pm,0 0 p@®mandOO p @ m.
Equations of the balance of an arbitrary ftate system (second form):
BO ® m

0 0 - Y OBl & ® O OEl - O Al & - 1

0 0

&
C

N Sa

'O OEI

N e

O ATIO &



BO ® mwO — 0 ® - 0 ® & o Tmi
® — 0 — 0 » - 0 — 0 — @ Y - T UL, kN,
B ® m O 000 - 0 & 060 m
® — 0000 - O — 0 pP® @ - T U XkN
Eh .
CErT T ED
Q| n”
i PR i H
P
a F/a
2| Y, R
AA Xa | a BB '0;
a/2 z X
a b
Fig. 1.6.2

The verification:

BO ® b ® - ® - 0 AIO0 - - Y Q
T LV - VX - o™ - - 1018 T
whereQ - - OEl - - m 18 m.
Exercise3. Determine the reactions of the frame supp@rigo and'Y (Fig.

1.6.3). Data’O @kN,3 okN/m,0 Yk NT m, ¢md uvme Tmo p
m.
One can replace the distributed load with concentrated force:
0 n ® @ o v p p yYkN.
The ggometric dimensions arideframe elements:
Q — — om00 Q omand OO0 00 OAT o OAgm ug,m.
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e Bec| x a el X
a) (b)
Fig. 1.6.3

The third form of the balance equations of the arbitrary flat force systari be
usedBO m & O A0 med O A0 ¢ Algrt o kN,
B ® wY ® 0 0 Q O OET & & Tm

v g)u 5 0 0 OBl & &

- Y pypo ¢ OmIM v p p@& TKN,
BO ™® m ® O 0O 0 &G Q 0 OB & m
® -0 0 & Q O OBl o

-y pY v o ¢ OmIT p XX @kN.
The verificationB0 ® 0 ® Q ® OO0 'Y O Q
Y X9 o o v p&1T LV O TU

Questions and comments

1.6.1.The first (basic) form of the balance equations of an arbitrary plane system
of forces theequalitieso zeroof thesum of projections of forces on each of two rectilin-
ear coordinate axes and the sum of scalar moments of forces relativeptmrahy

1.6.2. The second form of the balance equations of an arbitrary plane system of
forces (the sum of the scalar moments of the system forces relative to any three points is
equal to zero).

1.6.3.The third form of the balance equations of an arhyjitpdgine system of forces

(the equality to zero of the sum of scalar moments of forces relative to any two points
32



lying in the plane of action of the forces, and the sum of the projections of these forces
onto any axis of the plane not perpendicular tolitie passing through the two moment
points)

1.7. Hinged joints in mechanical systems and estimation of degree of freedom
The geometric variability of the system. A mechanical system is geometrically un-

changeable (Fig. 1.7.1 a and c), if movements gfaists are possible only due to defor-
mation of the links (elements) of the system.

@) (b) (©)
Fig. 1.7.1

The simplest geometrically unchangeable himgéd mechanical system is a trian-
gular truss (Fig. 1.7.1 a).

In the process of kinematic analysis, it is determined whether the system is geomet-
rically invariable. A mechanical system is geometrically variable if changing its shape is
possible without deforming its elements.

To assess the mobility of a mechanigadtem, the concept of degrees of freedom
is used. The number of degrees of freedom is the number of possible independent move-
ments of points of a mechanical system. The number of degrees of freedom is the mini-
mum number ofndependent generalized coordesthat determine the position of the
points of a mechanical system.

The conceptof disk. A disk is a geometrically unchangeable part of a mechanical
system. A simple or single hinge connects two discs (Fig. 1.7.2 a, b, ¢ and f). A multiple
hinge connectmore than two discs (Fig. 1.7.2 d and e).

B T M =% = —PL
() (b) ©) (d) (€)
Fig. 1.7.2
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An elementary link (Fig. 1.7.3 a) corresponds to one support rod in the rod inter-

pretation of support links.
Ax @%‘ sam
(

c)

(a) (b)
Fig. 1.7.3

The number of degrees of freedamof a mechanical system one damd using
P.L. Chebyshe¥s f ot mawm I'Ga ¢ “Y O, whereOi number of disks of the
mechanical systeniYi number of simple hinges) 1 number of elementary support
links.

If the number of degrees of freedom is greater than #ero:1tthe mechanical
system is geometrically variable. If the number of degrees of freedom is not more than
zero:  T1tthe mechanical system can be geometrically unchangeable. This requirement
Is ne@ssary, but not sufficient. The diagrams show examples of variable mechanical sys-
tems, the number of degrees of freedom, which is not more tharzerat( Fig. 1.7.4).

AN S S ¢

The number of degrees of freedom of the tauss can findising theformula:
O ¢ ® Y 0,where®i number oftrussnodes.Yi number ofthetruss bars.

An example of finding the number of degrees of freedom of the truss (Fig. 1.7.5):
OV ¢ Y po o T
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Fig. 1.7.5

Finding the number of degrees of freedom of a truss UibhgChebyshe¥ s f or -
muab o po¢ p ¢ ¢ ¢ O T O T

Thegeometrically unchangeable mechanical syssetiatically determinabléd the
forcesin it are determined by balance condition. For each disk one can create three inde-
pendent equations of the balance. For the system one can cormapo$§g independent
equations of the balance.

In each elementary connection there is one reaction, and thefttit@lreactions
acting in mechanical systenssequal to: ¢ Y 0

Consequently, in statically definable systems the number of simple hinges
tween disks and the number of elementary support {thkare interdependent with the
number of diskso O ¢ “Y 0O . In statically definablemechanical systems the
number of degrees of freedom is zayo: Tt

For astaticallydefinabletruss, the number of nodes is related to the number of rods:
¢ ® Y 0,wherein the number of degrees of freedom of a statically definable truss
iszerod ¢ ® Y O T

Questions and comments

1.7.1.The geometric variability of a mechanical system.

1.7.2.Determination of degrees of freedothgmobility) of amechanical system
and assessment of its geometric immutability as a subject of kinematic analysis.

1.7.3.The concept of a diskan element of mechanical system.

1.7.4.Hinges and elementary connections in mechanical systems.

1.7.5.The geometric invarialtity of a mechanical system and the number of its
degrees of freedom.

1.7.6.Finding the degrees of freedom of a trbg$.L. Chebyshes formula.

1.7.7.Staticallydefinableand staticallyndefinablemechanical systems.
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1.8. Static indefinability of a mechanical system,
geometric invariability of the system

For the geometric immutability of the system, the conditibn: T1Tis necessary,
but not sufficientTherefore, the geometric or structural analysis of the system is manda-
tory, wherein thecorrect connection of the disks to each other and to the support is
checkedThe variants of geometrically invariable systems that are formed on the simplest
geometrically invariable systefma hingedrod triangleare the connections

1. A new nodesttachingto a disk using two rods (dyads), the axes of which do not
lie on the same straight line (Fig. 1.8.1 a).

3D P B

(b) ()
Fig. 1.8.1

2. Two disks at the crown with rods whose axes are not parallel and do not intersect
at one poinfFig. 1.8.1 b).

3. Two disks with a rod and a hinge that does not lie on the axis of the rod
(Fig. 1.8.1 ¢).

4. Three disksconnectionby three hinges not lying on the same straight line
(Fig. 1.8.1 d).

5. Connectiorof three disks by six hinges, the intersection points of which do not
lie on the same straight line (Fig. 1.8.1 e).

The examples of kinematic analysis of mechanical systems.

1. The system is geometrically immutable and statically determinable (Fig. 1.8.2),
the number of degrees of freedom is eqoaero
0 ¢ ® YO ¢ Y pgT1T T

4 T 11 11
| 371, AN 10 |,
2 mr 6 o 9 9

(@)



2. The system is geometrically unchangeable and once statindiyinable
(Fig. 1.8.3), the number of degrees of freedoeqisal
0 ¢ ® YO ¢ W pPpuLT p.

Fig. 1.8.3

3. The system is geometrically unchangeable and statindkifinable(Fig. 1.8.4
a),andthe number of degrees of freedom according.to Chebyshev s f dsrequall a
toob o O ¢ YO 0o 0O ¢ ¢ ULV T

(@) (b)
Fig. 1.8.4

NN

Questions and comments

1.8.1.0ptions for geometrically invariable mechanical systems.
1.8.2.The geometric invariability and static definability.

1.9. Types of connections in mechanical systems

Free and ndifree solid bodyA body whose movement is not subject to any re-
strictions is free. A free rigid body in space has six degrees of fre¢tloam move trans-
lationally along the axesw, mwandTmand rotate about each of these axes.

On a plane, a free rigid body hasd@rdegrees of freedoimt can move along the
axesTA 1 #oand rotate around any point on the plane.

Thebody that limits freedom of movement of another body is a connection in rela-
tion to it. A rigid body whose freedom of movement is limited by bonds is called non
free.The typical types of connections:
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1. Perfect smooth surface (Fig. 1.9.1 a). The readii@am ideal smooth surface is
directed along the common normal to the contacting surfaces.

ol

(b)

Fig. 1.9.1

2. Thread (Fig. 1.9.1 b). The reaction of a stretched flexible inextensible thread is
directed along the thread to the point oliispension.

3. The weightless rod (Fig. 1.9.2 a). A weightless rod with hinges at the ends, the
weight of which, compared to the perceived load, can be neglected. The reaction of a
weightless rod is directed along its axis passing through the hingesatthe

(@) / (b)
Fig. 1.9.2

4. The cylindrical articulated support (Fig. 1.9.2 b) prevents the fixed point from
moving perpendicular to the supporting surface, so the reaction is also perpendicular to
this surface.

5. Cylindrical articulated fixed support (Fig. 1.9.3). The two bodies are connected
by means of a cylindrical hinge (bearing) and have the ability to rotate one body relative
to the other around a common axisnominatedhe hinge axis. The reaction@ahinged
fixed support passes through the axis and can have any direction in a plane perpendicular
to the hinge axis.
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NY

Fig. 1.9.3

6. The spherical joint and thrust bearing (Fig. 1.9.4) have only one fixedrpoint
The reaction of a spherical joint can have different directions in space, but always passes
throughthefixed pointTt

(b)

Fig. 1.9.4
Questions and comments
1.9.1.Free rigid body.
1.9.2.A body that restricts the freedom of movemenaobther body, which is a

connection.
1.9.3. Types ofheconnections.

1.10. Rigid embedding in the mechanics and its replacement by force vectors
The support at the point A (Fig. 1.10.1) deprives the beam of the possibility of

translational movement along the axe®:andti, as well as the possibility of rotation in
the plane of action of forces.
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() (b)
Fig. 1.10.1

The rod model of a flat rigid embedment (Fig. 1.10.2) providesdheiredthree
connections.

Y = Y " 5
-1 d 1z I F F. F.

R F, 1 I 2 1

/RZ 1 ' / X < YA' XA I / X
> [A »
77 R3 7. MA A
(a) (b)
Fig. 1.10.2

From the three reactions occurring in the model rods, one can form three rigid em-
bedding reactionsB 2, ® P P and) Y Q

When determininghe reactions in a rigid fixation, three forces serve as the un-

knowrs: & , @ and0d . They are found from three balance equations for a flat force sys-
tem.

Questions and comments

1.10.1.The 1od model of flat rigid embedment.
1.10.2.The eplacement of rigid embedment model rods with emerging reactions.

1.11. Finding the reaction of supportaising balance conditions
for elements of mechanical systems

Exercise Theinitial conditions The mechanical system (Fig. 1.11.1 a) consists of
the straight rod Oand the rigid anglé ‘O gconnected to each other using the hiage

External connections imposed on the structure are hinged and fixed supports ab points
ando.
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300 : 1.5m 30°
q 2m| | ?:4 q Zm
, ;> T
4 60° | A%l Xeoe € X
ﬁl Q Fl
~3m 3m | 2m | 6m
(a) (b)
Fig. 1.11.1

The structure is subject to concentrated ford@s: 1 TkN and™O ¢ TkN, the
distributed load of constant intensity: p 1kN/m and the couple of forces with the mo-
ment:0 v Tk NI m.

The exercise assigns ottedetermine the reactions of the support links at pdints
andd, as well as the reaction in the connecting hinge

Equations of the balance. Determination of reactions.

One can replace (Fig. 1.11.1 b) distributed Igadith a concentrated forde and
apply it in the middle of the loadedaréa 1 o p m o o TKN.

Using the first (basic) form of the balance equations of arbitrary flat force system:
BO m®d® ® O Algot O ATddn m
BO m&d & 0 O ORIin O Obin
B ® m 0 - O OKIn o 'O Aiddn ¢

O OBim ¢ & 1T O Y O T

Equations of the balance for a rod(Fig. 1.11.2 a)
BO md ® O Algdt m
BO m&d & 0O O OHKIm 1t
BO ® m 0 - O OHKInm o0 & ¢ Tt

Equations of the balance for the coroe®© ¢Fig. 1.11.2 h)
BO m&d ® O Alddt mw
BO md ® O Okin mw
B0O ® 1O ATddt ¢ 0 & 1T ® ¢ T
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(@) (b)
Fig. 1.11.2

Solving the system of obtained equations and finding the reactions of the support
links at point and®, as well as the reaction in the connecting hilge

® - 0 - 0 O|min o
- omn- 1t Ol o ¢ & ¢kN,

~

® ® 0 O OmIn c¢c®W¢gom T T QO @ ckN,
® & O Obln c®Wc¢ ¢cm ™ p & kN,
o - O ATt ¢ 0 & ¢
- CTTEPC LT PpWC G G @ xkN,
@ ® O ATt ¢@® X cmT@@@p @ VkN,
A ® O Aigdt p@u tnm o vkN.
The found reactions of the support links at poths 1 & as well as the reaction
at the connecting joirii are shown in the Table 1.11.
Table 1.11
@, kN @, kN @ , kN ™, kN @ , kN @, kN
O@ U o @ C C @ X PG pPE&U C & ¢

The verification of the balance of the cordelO ¢Fig. 1.11.2 b):
B0 ® 0 O OBin ¢ O Alddt ¢ & 1 ® ¢
VT CTMT T ¢ ¢nTm@Peeg p@u T WG T
The verification of the balance of the entire structure (when the origin of coordi-
nates is aligned with the point of application of the fo&e~ig. 1.11.2 b):
B0 ® ® @ ® ¢ 0 ® O O/ o
O Afgdt ¢ 0 ® ¢ @ ¢
o@c¢ @ @@L C OMT® TN TWHEEE T M T (¢
VTP X C pBCQ T
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Questions and comments

1.11.1.Conditions of the balance for an arbitrary plane system of forces.

1.11.2.Finding reactions in support links and in the connecting hinge.

1.11.3.Using the balancequations of a mechanical system to check the found re-
actions in the support links and in the connecting hinge.

1.12.The balance and degrees of freedom
of instantly variable mechanical systems

Signs of instantaneous variability of a mechanical system.
For a given system consisting of three disk$)6 6and c¢groundé) <co
hingesod, 6 ando the conditions of the balance have the form (Fig. 1.1BIQ T,
Y ATIO Y AT|O mandB'™O mc¢ Y OEl O m

where Y atf © 1 "YO Hb

(a)
Fig. 1.12.1

Geometric thekinematic) sign of the instantaneous variability of the system when
connecting three disks is the location of three hinges (three instantaneous centers of rota-
tion) on one straight line (Fig. 1.12.2 a, lard d). For two disks, a sign of instantaneous
variability of the system is the connection by three parallel rods or three rods whose axes
intersect at one point.

(a) (b) (c) (d)

Fig. 1.12.2 Examples of instantaneous didisc mechanicadystems
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The examples of geometrically @whangeable instantaneoushgchanical systems
of two disks are shown in the diagrams (Hid.23 a, b, c and d).

@) (b) (©)
Fig. 1.12.3

The examples of geometrically whangeable instantaneoustgchanical systems
of three disks (Figl.12.4a and pandoneschangeable instantaneoug¢hig. 1.12.4c
and g.

Fig. 1.12.4

Exercisel. The a&sess the instantaneous variability of the system (Fig. 1.12.5).

1. According toP.L. Chebyshay s f oqthemmuniber of degrees of freedom of a
mechanical systemisequalto: ¢ O ¢ Y 0 o0 p ¢ M o0 T

2. The system is instantly changeable, because two disks (the frame and the
cgrounde) are connect ednthesxisofghed.r od and

3. The euation for the sum of moments about the support
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Fig. 1.12.5
The magnitude of the reaction at the pains equal tolY —  Hy, the magni-

tude of the reaction is infinitely large & 1t (under the assumption of the immutability
of the mechanical systemYhen "O Ttuncertainty arisesy  -.

Exercise2. Perform a kinematic analysis of the system and evaluate theo$igms
geometric instantaneous variability, ™ ¢@kN,"O  @¢kN,® o @=0.3m
andQ ¢ Q.

Three disks (two of them are shaded on the diagram in section, and the third is
cgrounde, Fig. 1. 12. 6) themodsg including paealtet redd 1 b y
and 2, as well as rods in connections with the support.

2| & M 555 F
1 ! § h2 §1 §1 % hz
| hy N gé h
P 1
C o b
[
(a) (b)
Fig. 1.12.6

Rods 1 and 2 are parallel, which is a geometric sign of the instantaneous variability
of the mechanical system.
According toP.L. Chebyshewv s f ¢ themurhbar of degrees of freedom of a
mechanical systemisequalto: ¢ O ¢ "Y 0 o 1T ¢ T T T
The ondition of the balance for the left side of the mechanical syistem
B0 TY Q Y Q 0 & m
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The ondition of the balance for the right side of the mechanical syistem
B0 Y Q Y Q 0O & m
Due to the instantaneous variability of the mechanical sydtemgontradiction
arises for the conditions of the balance:
Y QY Q O O ¢ ™ p&), kN,
Y QY @ 0 o ¢ m 1@y kN.

Questions and comments
1.12.1.The sgns ofinstantaneous variability of a mechanical system.

1.12.2.The xamples of instantaneous diudisc mechanical systems.
1.12.3.The xamples of instantly unchangeable mechanical systems.
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Chapter 2. Static calculations of elements of mechanical systems
(frames and trusses), finding reactions and creating force diagrams,
equation of three moments, moving load and lines of influence

2.1. The balance of a system of converging forces

Converging force$ lines of action that intersect at one point, are shown in the
diagram (Fig. 2.1.1).

The lringing of system of converging force®h®B H® to their resultant:
Y, ® O®,VY:;; Yy ® ® ® Wand¥ B O

Projections Y, 'Y andY’) on the coordinate axes of the result@#bf the con-
verging forcesareequa¥ B O,Y B O andY B O.

The magnitude of the resultant of converging foi¥eis determined by its projec-
tions (¥','Y and’Y’) as:'Y B O B O B O

The angles of the resultaMt with respect to the coordinate axes @ ¢bhat is with
respect to the unit vectors of the coordinateesysh pand®) are characterized by direc-

tion cosinesA |l ¥ — Al ¥ —andAl ¥hey —.

Condition of the balance of the convergent force systdma.scalar notation of the
equilibrium condition equatiaror thebalance of the converging force system it is nec-
essary and sufficient that the magnitude of the resultant forces be equat to zero

Y YooY B O B O B O TL
For the balance of the spatial system of converdrces in scalar form, it is nec-

essary and sufficient that thetalsof the projections of forces on each of the three axes
of the rectangular Cartesian coordinate system be equal to zero
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B O mB O mandB O m

For the balance of a flat system of converging forcahaanalytical form it is
necessary and sufficient that tie¢alsof the projections of forces on each of the two axes
of the Cartesian coordinate system be equalto Bero:’'O mandB O 1

Three Forces Theorem. If a system of threel parallel forces lying in the same
plane is inthe balance, then the lines of action of these forces intersect at one point
(Fig. 2.1.2).

(b)

Fig. 2.1.2

Let the system of three forc@, "® and™® be inthebalance.

The lines of action of the forc& and® intersect at the poirt.
Let's move these of the forces along the lines of their action to thepanhd them

according to the parallelograrule and replace by their resultait; ©® "©.

The euilibrium of a body under the action of two forc&and P, is possible
only if: '©® "Y1, . Thus, the line of action of forc® necessarily passes through the
point Tt

Questions andcomments

2.1.1.The reducing a system of converging forces to their resulth@projection
of resultant on the coordinate axes, the magnitude of resuttangsines othedirection
angles.

2.1.2.The kalance condition for a convergent systenfootes.

2.1.3.Three Forces Theorem
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2.2 Considering the balance of converging forces
when analyzing statics issues

Exercise An ideally smooth ball of arbitrary radidéand weightd ¢ TkN is
attached to a vertical walFig. 2.2.1 a)at the pointD, using a threadand rests on the
smooth surface of the wall at the poidtwWherein the length of the thread is equal to the
radius of the ballb 0 Y. The exercise assigns oteedetermine the tension force of the
thread and the pressure forcelof ball on the wall.

L 4 v
K 30° 30° /
4 — -
T - T T P
A * N X 30°
c B 0 N
N ﬁ N
(@) (c) (d) (e)
Fig. 2.2.1

Under the influence of three forces, a body is in balance only when the lines of
action of the forces lie in the same plane and intersect at onei poiaiccordance with
theThreeForces TheorenThe center of the ball serves as such a poifiheconsidering
system of forces is convergent. Consequently, in the considered system of forces acting
on the ball, the points of application atie directions of all three forces are known

The force of the ball's weigliRis applied at its geometric centeand is directed

vertically downward (Fig2.2.1b). The reaction of the thred8iis applied at the poini
of fastening the thread to the ball and is directed along the thread to the point of suspension
0. The reaction® from the side of the smooth wall is applied at the pdfaf contact of
the ball with the wall and is directed radially to the centahefballtt In a rightangled
triangleYrt'Yithe length of the hypotenusad ¢ 'Y, and the length of the leg:
Y Y. Thus, the leg is half the size of the hypotenuse, and the amgl¥: o 1T

Graphical solution. The geometric condition of balancé@ettbnverging force sys-
tem is a closed force polygon (triangle) of these forces @=2glc).

To create a force triangle from an arbitrary pairdn a scale (for example, 1 mm
of vector length corresponds to 1 kN force) is plotted vertically downwards vector of the
gravity forcet® of theball.

The length of the vector is 60 mm, which corresponds to the strength 60 kN.
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The end of vecto® corresponds to a poidt. From the beginning arttie end of
this vectorthestraight lines are drawn corresponding to the lines of action of other forces:

"Yand(®. They will intersect at the poiiit, which serves as the third vertex of the closed
force triangle.

The end of each previous vector coincides with the beginning of the next one.

The directions of vectors of the required forces are uniquely determined by the need

to construct a closed force triangle. The react®fiom the side of the smooth wall is

directed horizontally to the left. The reaction of the thr@ésl directed along the thread
upward to the suspension point, which is at an angle ttiodbe vertical. By measuring
the lengths of vectors in millimetewith a ruler one cafind approximate values of the

magnitude®f the reactionsought™ ¢ &N and(® o WkN.

The analytical method of solution (Fi@.2.1d). One need# move the active ones
of the force along theirlinesefct i on t o t he point of c¢desc
ball ) and align the origin of the plane rectangular coordinate sysdgawith this point.

For a converging force system, the analytical condition of the balance is the equality
to zero of hetotalsof projections of the acting forces on the coordinate axes.

Equations of the balance aB™O0 1 Y OFin ¢ mandBO T

"Y ATdOt 0 1 The ®lving of equations has the forfY —— ¢ & kN

andd 0 OAdm o @ TKN.

Graphig analytical method of solution (Fig@.2.1e). The condition of balance of
the converging force system is used (as and for the graphical method), that is the force
triangle must be closed@he polygon ifiangle has a leg and an acute anglet One can
find the force values using a graphiaabalytical methodY ¢ @& &N, 0 o @ KN.

Analysis of the applied methods for solving the statics problem shows three ap-
proachesvailable

1. The graphical approach is clear and simple but is approximate anutidepe
the accuracy of measurements and gragirafts

2. The analytical solution i@ppropriatelyuniversal and accurate; there are no re-
strictions on the number of active forces in the system.

3. The graphicanalytical approach is accurate and visual, but in practice it can only
be used fothesystems with a small number of forces: three (with a force triangle) or four
(with a force parallelogram).

Questions and comments

2.2.1.The wse of the balanceonditions of three forces lying in the same plane to
find the tension of the thread and the pressure on a smooth wall when suspending a ball.
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2.2.2.Thegraphical solution method andcanvergedorce polygon to determine

the tension of the thread and tressure of the ball on the wall.
2.2.3.Application of a graphical method for solving and transferafigrces along

the lines of their actiontotiev ani shing pointe (the cente
2.2.4.Using the graphicanalytical method fofinding the forces and the reactions

and the conditions for the closure of the force triangle.

2.3. Using the threéforce theorem in solving statics problems

Three forces theorem. If a rigid body is in balance under the action of three non
parallel forcesthen all three of the forces lie in the same plane and their lines of action
intersect at one point.

Exercise. A twidbody system is specified (Fig. 2.3.1). Weightless iHrgge arch
loaded with horizontal forceO p TkKN. One needs$o determinehe reactons in sup-
ports:0 ando.

Fig. 2.3.1

Theanalytical method of solving using the conditions of balance.
Equations of the balance for the entire arch as a whole (Fig. 2.3.2 a), for example,

relative to the suppot:B'O mB'O mandBO0 ® 1

Y1 'Y
a , a
F T Reyl .
C Re, €
R a a
R
Ay B
RAxA / RBX B )i X BR X
RBy Bx
(a) (b)
Fig. 2.3.2
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One equation of the balance for half an arch (Fig. 2.3.2 b), for example regarding
ahinged,is B0 ©® T
Graphig analytical method for solving the problem (Fig. 2.3.3kokvergedorce
triangle isdraftedgraphically

o NN

7 e\

Flg. 2.3.3

/'Dc

A

When using the grapliianalytical method, there is no need to project forces onto
coordinate axes, which would be necessary to compile the balance equations when using
the analytical method for determining support reactions.

When findingthe support reactions, the following axioms and theorem are used.

Thex i oaoht wo f OYr c'¢és e:

The xiomcoft he equal ity of revacYion and ac:

According to theThree Forces Theorerthe line of action of the forc¥ , which
closethe force triangle, acts along the edgéof the arch. The magnitude of the reactions
of support®d A T @ one can determine by closed force right triangle as

Y Y 0 Aittw 0 O6&iv pm L kN
Questions and comments

2.3.1.ThreeForces Theorem

2.3.2. Analytical and graphienalytical methods for solvirtheequations of forces
balanceon a plane.

2.3.3.The &iom about two forces.

2.3.4.The &iom on the equality of reaction and action forces.

2.4. Calculation of flat trusseausing the section method

The trusssarethestructure consisting of straight rods connected at the ends using
hinge joints.
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The asumptions made when calculating forces in truss elements:

(a) theexternal forces are applied only at the truss nodes;

(b) when calculating the truss, one can neglect the mass of the rods and the weight
distributed over the rod,;

(c) the truss nodes are ideal hingi®re are no gaps in the hinges, one can neglect
friction in the hinges.

The principles of the truss creating. The simplest truss is triangular, consisting of
three rods connected by three hinges (Fig. 2.4.1 a). Each new hinge joint is connected by
two new rods (Fig. 2.4.1 b)he elationship between the number of ro@ndthe number
of nodesd ofthetrusss.i o ¢ O o.

= C 6 E
T N
1 N [
3 1 3 \\5\ \7
_______ \ _‘:J_,
A 2 B 2 B 4 D
(@) (b)
Fig. 2.4.1

Calculation methodsf flat trusses. The calculation of a truss consists in determin-
ing the forces in its rods (Fig. 2.4.2). The forces in the rods are determined by the method
of nodescuttingor the method of sections (the Ritter method, Fig. 2.4.2 b).

F F. 1Y
D 4 E 8 Gi'12 ¢ X 52 ¢ £S5 ¢ "12_|c
‘ 1 - N 11 '
al Yalt 2 s NP 13, S 153 [SINC P S 13R 2
vXAA BB 'Y X Se BBs
22 K6 H 10 e H 10
: @ 4 3xa b L 2Xa 7_1”
(a) (b)
Fig. 2.4.2

Zero rods of trussédsthe forces in which are equal to zero.
Zero rods meet the conditions:

(1) if in an unloaded node, two rods that do not lie on the same line convenge
both rods are zero (Fig. 2.4.3 a);

(2)if three rods converge in an walded node, two of which lie on the same straight
line, then the third rod, not lying on this straight line, is zero (Fig. 2.4.3 b);
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(3) if two rods that do not lie on the same straight line converge in a loaded node,
and the external load is directed ajaone of the rods, then the second rod is zero (Fig.

AN L L

(a) (b) (c)
Fig. 2.4.3

Exercisel. Find all zero bar$or a given truss (Fig. 2.4.4).

Fig. 2.4.4

Zero rods of trusghe forces in which are equal to zero: 4, 5, 6, 7, 8, 2ntQ. 1.

Exercise2. Determine the forces in the truss bars for a given external fQrcé:
kKN (Fig. 2.4.5 a).

Y X C F
D 9 C F D 9 F < '—*S i) —
? 9
7 7 Sg=0
g 8 a 8
6 6 . Yl
E 5 5 ,
K < 3 &
) E | K X D 9 C F
a 4 a 2 4
S
A/ 3 |B A 3 |B X a " 1S=0
g “IRg ly K
(a) (b) (c)
Fig. 2.4.5

The determination of support reactiorisquations of the balance of an integral truss
relative to the supports (Fig. 2.4.5 b), for example, relative to the sujppene
BO m&d O md O vkN,
B0 ® mOc¢ ® @& ®© mad ¢ O p mkN,
B ® mOc¢ &Y & myY ¢ 'O p mkN.
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Finding forces irtherods by cutting outhe knots. Two equations of the balance
foranoded:B™O mO Y Y 'O u,kNandB'O mw'Y ™1
Equations of the balance for theicoff part (Fig. 2.4.5 c):
B0 Lo & Y & m'Y 'O v, kN,
BO moO Y Alt@w m'Y —— ulg kN,
B0 m Y © Y T
The onditions of balance relative to the nddéFig. 2.4.6 b)
Y Y Y Y Y L, kN.

[))
[o0]

51 54

(a) (b)
Fig. 2.4.6

For second ciuibff part onedefinesconditions of the balance (Fig. 2.4.6 a):
BO w0 Y At m'Y ——  ulg kN,
BO O ¢ @ Y ® mY ¢ O p kN,
B0 TO w Y ®w 1Y 'O v, kN.
The onditions of the balance relative to the nad@-ig. 2.4.6 c)
Y mY Y Y Y U, KN.

Questions and comments

2.4.1. The truss is a rigid structure consisting of straight rods connected at the ends
using hinge joints.

2.4.2.The ssumptions made when calculating forces in truss elementberal-
culationmethods used.

2.4.3.Zero rods of trussdstheforces in which are equal to zero.

2.4.4.Finding support reactions using the balance equations for a complete truss.

2.4.5.Finding forces irtherods by cutting outhe nodes.
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2.5. Calculation ofstatically definable mechanical systems
using the method of sections

Methodsof theinternal forcesletermining The resultants of normal and tangential
mechanical stresses in a plane stress staecan replacéFig, 2.5.1) by two forces 0
and0 and concentrated momeiit. The indicatecefforts are denominatedhe internal
ones () i thelongitudinal forcep i thetransverse the force andi thebending moment.

F. F. =
E 2/ 4 ‘\F4 F 2/ Q N
o ¥ | L e .\MNNJ"] I
P \ _\7 /FT & \ W Ml\‘ /FnL
F3\ a F3\ °
(a) (b)

Fig. 2.5.1

The nternal forces can be fourty the acting loadthe geometric characteristics
andthe elasticity indicators of the bodyhree main methods are usedthe structural
mechanicgo determine forces istaticallydefinablerod systems: the method of sections,
the method of replacinipe connections and the kinematic method. The first two methods
are static, that iarerelated to the use of equations of the balance.

The section method the most widely used due to its clarity atite ease of use.
The section method is that aftee detemining of support reactions, theechanicabys-
tem (Fig. 2.5.1 a) is cutirtually into two parts and one part is separdigdeplacing it
action withtheinternal forcegFig. 2.5.1 b).

Internal forces are determinég the conditions of balance tie mechanicabys-
temparts. If one rod falls into the section, then the forces in it are found according to the
known rules othe mechanics

When drawing up the balance equations for internal forces, the rule of signs is used,
and the conditions of symmetayd pairing of internal forces in an element that is in bal-
ance are also taken into accquntparticular in that elemengFig. 2.5.3, which is located
between the separated pgfgy. 2.5.1 b).

When the elasticity of the material is uniforngistributed over the crotsection,
the bending momenti is equal to the sum of the moments relative to the center of the
cros$ sectional area from all forces acting on the remaining part. The trangtleese
shear)force0 is equal to the sum of the pections of the same forces onto the axis di-
rected parallel to the tangential stresses acting in the section. The longitudinal ferce
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equal to the sum of the projections of the same forces onto the axis directed perpendicular

to the crosksectional phne.
Q
M M
AN

) ]Q)

The nternal forces in frame sections (Fig. 2.5.3 and 2.5.4 a and b) can be found by
replacing the links with reactions acting on the part of the replaced links.

Fig. 2.5.2

o A
B DA A

Rp
q M,
B II][!D,\} No

l/

RB QO
Fig. 2.5.3

For the purpose of systematization, when drawing up and solving the balance equa-
tions,themethods of sectioapproachare used: the moment point method, the method of
the projections and the method of cutting the nodes.

q / q
CHHLHHBXB YelX; Xe 177135 X8
p) T? c T D
F Yo F - Yp
M 1Q g
Xaysla ft 11 le Xp
Sy XAa A N\D 7
v YB
Y, ’
A
(a) (b)
Fig. 2.5.4

The moment point method is applied if the lines of action of all internal forces in
the section, except for one of the required forces, intersect at one point. This geint is
nominatedhe moment point.

57



The required force is determined from the equation of the moments of fotaks
acting on the cuibff part relative to the moment point (Fig. 2.5.5).

B4 S
L s |F
8 |F
1357‘K11 S7K11F
rA (;9 F _’::/ 2
AL 72D 6 E10 C S. CE 10 ¢
(a) (b)
Fig.2.5.5

The method of cutting nodes (Fig. 2.5v&)uld beused if the forces entering the
section formthe convergent system of forces aife analytical form of the balanamn-
dition one can represeby two equationsB'O  mandB"O 1t These equations of

the balance can be solved if the number of unkn@t@asnode is no more than two.

Rg ,B
s
L
3 8
K Y Y
5 7 11 S s.| Si1|Y
Xa, : 9 @ c?\f K X Se 1510 X \d\ X
Yy l l S7 159511 IF 10 ]F
(a) (b)

Fig. 2.5.6

The projection method (Fig. 2.5.7) is used in the case when one can select an axis
with respect to which all unknown forces in the selected section except thesdogtat
will be perpendicular to this axis. Then timelicatedforce soughtis determinedy the
equation of theotal of projections onto this axis of all forces acting on thé affippart.

H 4 G 8D 12 K Y S¢ . D12 K
F /
1l 3/ 5 7/)19 /13 AP 13
XA ,/A ,:’_/ 568
’/fmzpzc 60 E 10 4B ¢~ (E 108
Yy Rp Rp

(a (b)
Fig. 2.5.7
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Questions and comments

2.5.1.The nethods for determiningf the internal forces in static calculations of
mechanical systems.

2.5.2.The eplacement of mechanical stresses in a plane stress state with concen-
trated forces and moment.

2.5.3.Three methods for determining forcesstatically definablerod systems: the
method of sections, the method of replacing connections and the kinematic method.

2.5.4.The wle of signs andhe conditions of symmetry and pairing of internal
forces intheelements of mechanical structures that ateéadalance.

2.5.5.Methods used idrawing upand solving the balance equatiotiee moment
point methodthe projection method anthenode cutting methad

2.6. Determination of forces in truss rods using the Ritter method
Exercisel. Given, the magnitude of the external lo&l: x kN and’O p kN,

dimensions of the truss elements (Fig. 2.601): ¢ m andQ 1 m.Onehasto determine
the reactions of supporisand® and forces in the rods.

l=4Xxd
Fig. 2.6.1

Determination of support reactions (Fig. 2.6@); @ and’Y .
The onditions of the balance of entire truss
BO mo Y mw Y,
BO m®d@ O O md® O O x pp p yYkN,
B0 Y Q O 1t Q O ¢ Q 1
w Y ¢ YkN.
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The verification condition of the balance of entire tngsas follows
B0 mTY - ® - ® ¢ Q 0 ¢ Q
uU- QU- pYg ¢ X ¢ ¢ T

ReAB|Y
. g 4
H
8
K
h 11 3 12
5 7 L
G 15
X4 E C 13D x
Y, 6 10 14
“d F, Fy
Y,
[=4Xd
Fig. 2.6.2

Determiningof thetruss geometric elements (Fig. 2.6.3)

ReyB|Y
AN H .
¥
AN K
S ; 12
5 a
Y 9| e
aal Y e /B | @ iTanD x
2 6 ‘ 10 14
h F.
Y, d 2 1
l=4xd
Fig. 2.6.3

The geometric elements of the truss are:
00 pmOO0 00 ¢mOO aom,
OAT - - M, c@®ouAlO MWTAET ™ T XI¢ TV,
OAT — - p®& LVL®MwAITO MuIQET ™MPogn
Conditions of the balance of the toff part relative to pointO(section® ®
Fig. 2.6.4, the rod Iforceis determined as:
B0 Y QY 00 m'Y S — p @, kN.
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il I H a
h >Rk
13 Sg
A Ss 5 Se 7 12 L
91 11 15
XagA E C GI13 a\.D
2 6 10 14
Y, " d E; Fy
l=4X%xd
Fig. 2.6.4

The conditions of balance relative to the poifits© and'O(the sectiord &
Fig. 2.6.5 are consideretb find the forces in rods 2, 3 and 4:
B0 m Y OO0 Q 0O o Q T

Y - _ ¢ @ okN,
B0 Y AIfOO0O Y OFl o Q O ¢ Q
Y 3 3 0D pkN,
B0 Y AIJO OO Y OBEI Q O ¢ Q O 1t Q i
Y 5 5 C 0 VKN.
<RB'BY c
‘ % 4 p
4aL'r_'H g
y'\
5
| ; 9 L 15
11
Xagal NS E C GI13aND X
2 6 10 14
7 d 3 le Fy
4 l=4xd
Fig. 2.6.5

The conditions of the balance relative to the poidtandO (the sectiord & Fig.
2.6.9 are consideredinding the forces in rods 5 and 8:

B0 m Y ¢ Q O ¢ Q m'Y X& gkN,
B0 Y ATIOS60 Y OET Q O Q O o Q m
Y 5 5 ¢ & VKN.
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RB'BY
‘r‘—%" 4
H
51/7/ o 11 15
Xagal/ S2(EV B ¢ GIL3 D X
5 6 10 14
Y £ dc le Fl
{ l=4xd
Fig. 2.6.6

To determine the forces in the remaining rods the sectftons® Q Q"Q "Q
‘Q "Qand’Q "Qare drawr(Fig. 2.6.9. The conditions of thbalance are drawn up sim-
ilarly to the conditions discussed above, and the forces in the rods: 6,15 8refind
similarly with the forces found.

RB/BY
4
H
g d
/ Kh
1 3 ’ 112
5 7 \ fe
11° 15
X, 44 J B D x

4

Z B K g 10 Gp, 14
FZI FlI
Fig. 2.6.7
Exercise2. Given, the magnitude of the external load acting on the truss (Fig. 2.6.8

a):'0 @kN,"O YkN. One need$o determine the reactions of suppartandé and
the forces in the rod8Y, Y, Y and™Y.

Fica E 8 H 12 K Fl6 4 FE 8 Ha12 k
g 1 3 7 11 g ¢ 3 7 11
= 5 9 13 L 5 9 13
VAl 2 6/ 6 B/ 10 |D Al/ 2 6/ 6 B/ 10 |DX
X » . F
;zztz, 3m 3m”f’"'3m F, AYAl 3m 3m WTéB 3 T2
(a) (b)
Fig. 2.6.8



The onditions of the balander thedetermination of support reactioase
BO m & O m 'O o@kN,
B0 mY ¢ O 1 0O w
Y P PkN,
B0 m ® @ O 1 0 o

@ p, kN.
The verification Finding thetotal of moments of forces relative to a poirnt
B0 O T ® w'Y o ¢ 1 P W PP O T
Finding forces in rods: 2, 5 (Fig. 2.6.9 a), 8 and 7 (Fig. 2.6.3H® sectiorw
« The onditions of the balance of tlhaf off partrelative to the pointdDand Oare
B0 T T ® o Y 1 T

Y O& VKN,
B0 m Y T O 1 ®w 0o T

Y & VKN,
BO m Y ® mY ® P, kN,

Eb S38 H 12 K

Fiic 4 EaSs H 12 K
f 8
7
g 4| S Vo 11/ S/ o 1/13
5 o
Xa| A2 526 6 Bl/ 10 |Dx /' Se 6B/ 10 |Dx
/a 7. FZ b 7 F2
v, 3m | 3m [Rs3m 1. 3m [Re3m ]
(a) (b)

Fig. 2.6.9

The sectioro G (Fig. 2.6.9 b) The ondition of the balance of the ¢ufff part
according to th@rojection of forcegs:B'™O 1Y AT/ O &

Y — ~ P8 VkN, whereAT| O - 1@

Questions and comments

2.6.1.The cetermination of support reactions usiting equilibrium equations of
entire truss.
2.6.2. Finding the geometric elements of the trtsscoordinates of nodeshe
dimensionof links, theguide angles.
2.6.3.Finding forces irtherodsof truss using the section method.
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2.7. Finding the reactions of the supports détatically definable frame
when it is loaded by a system of forces

Exercise Given, the magnitude of the external load on adtatically definable

frame (Fig. 2.7.1)'0 ppN,’O p¢@N,] omd YNI m &gn@Nm. The
exercise assigns one to deterntime reactions of the suppotisando.
One can replace the distributed lopaith theconcentrated forcé and apply it in

the middle of the loaded area 1} p8t ¢ p8t @8t N.

0.5m
q
2 - F.
I ) - — < F,
E D Q
g S
@
S M & o
= ; S
g ’é’;’ g
10 Y,
s g :
L 1.0 m N Y ' 1.0 m
l X
(@) (b)

Fig. 2.7.1

The use of thequations of balance of tHelme
BO md&d O A0 0O
A "0 AljO0 O pp ATdOt p o @8 XN,
B0O O m
O ™ 0 ™M™ O Al|Op& O OEI pg&t O Y pdt m
Y O M 0 M O AllOp®d O OEIl p8&t O
poem® ¢ ™ pp ATddt p& pp OBIm p8t Y
o) YN, ) )
BO O m ® p8&t O M O ™ O Al|Op& 0 T
® O mM U M O A0 py O
pe T ¢ ™ pp ATt p& ¢ o PN,
The verificationcondition of the balance
B ® ® p®& ® ™ O mP O OBim M O Y m
RBXPH YT POTH ppTW W Y WY ™
81 T W TL

64



Questions and comments

2.7.1.The use ofbalance equations for determination of reactions of suppbrts
statically definabldrameunder the action of concentrated force, moment and distributed
load

2.7.2.The use of the balance equation to verify the support reactions. found

2.8. Determination of the magnitude and point
of application of distributed load resultant

Replacement of a distributed load of constant intensity with a restdtaet The
distributed load of constant intensifyacts on a section of length(Fig. 2.8.1 a). It is
required to replace a distributed load of constant intensity with an equticalecentrated
force, that isto find the resultand .

Y Y

A doQ q
ottt 1 t i} o [T EITTT X
l ¢ ax
X—m... Q
l/2
[
(a) (b)
Fig. 2.8.1

The elementary concentrated force is equal to (Fig. 2.8@b): 3 QO
The resultand of the distributed load can leterminedy theintegrating:

CA

. N Qo a
The resultant) is equalnumericallyto the area of the distributed load diagram:
0 1A &and passes through the ceritesf this area:o &I for theevendistribution
of the load.
Theoption of load unevenlyineardistributingis done orthe diagran{Fig. 2.8.2).

Y q q
dQ - max
4 T X
X aX
Il x2/3 2
[
Fig. 2.8.2
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The elementary concentrated force is equalo: —— @& 'Q ¢for unevenly

lineardistributingof load

Resultant) of the distributed load is determined as:

Position ofthecentero of area of the distributed load diagrasnw & c¢¥o.
Questions and comments

2.8.1.The eplacingof distributed load with its resultant.
2.8.2.The determining of the centef area of the distributed load diagram

2.9. Creating diagrams of forces and moments
in the calculationsof rod structures

The sequence of creating diagrams. It is required for a gitagically definable

frame (Fig. 2.9.1) to create diagrams of bending momentsansverse force8 and
longitudinal forces) .

M

_ o kN
=8kNxm 17 “%
AEEEHER! E
JL\Q E D D
|
S F=6kN =
| T~ - 6 —
(9]
tZAlHa =3 kN Bl 1 Malell 1 B
. 7.
& 7 | 7 Hp = 3 kN i
V, =5kN 4m Vy, =3 kN
() (b)

B0

Fig. 2.9.1

In structural mechanics, the following order of diagrams creating is usual:
(a) determination of support reactions;

(b) creating of the diagram of bending momeints

(c) creating of the diagram shear forces ;

(d) creating of the diagram of longitudinal foraes

Determination of support reactiorihe euation of the balance for the rodO

0O 1 O ¢ mandO0O — — o, kN.
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The @uation of the balance for entire structure:
B mO O O mandO O O g, kN,
BO mandw 1T O ¢ i T ¢ G T
W - ® ¢ ¢ T T Y 0KknN,

B mw ®w N 1 mandw o ¢ T U, kN.

The verification of the correctness thie support reactiondetermining.The bal-
anceequationis drawnup relative to point O (the intersection of the axes, Fig. 2.9d a)
check the reactions found of the supports, because this equation includes all the found
reactions of the supports and at the same time it does not include the moments of the given
distributed load of assigned intensifyandtheconcentrated forcé®
B0 w ¢ O ¢ a w ¢ 0O c¢

vV ¢ 0 ¢ Y 0 ¢ 0 ¢ Tt

The general rules of bending moments diagraletermining

(a) the diagram of bending moments is created on stretched fibers;

(b) the bending moment in the hinge is zero except for the case of the application
of concentrated moment in the immediate vicinity of the hinge;

(c) at the point of the application of the concentrated moment on the diagram of
bending moments there ist@@s by the magnitude of this moment;

(d) at the point of the application of concentrated faeghe diagram of bending
moments there is a kink, that is the angle of inclination of the diagram changes;

(e)in a section with a distributed load of constiaténsity the diagram of bending
motions has the shape of a parabola convex towards the load

(©Q whendetermining theliagram of bending moments that is linear on a section of
a structure, the moment values at the ends of the section are sufficienthyemdeter-
mining a curved diagram, another moment value in the middle section can be added.

The determiningf the bending momentiagramis shown on the graph (Fig. 2.9.1
b). The diagram of bending moments in th@sectia is linear and is created by two
points:0  mtand) 0 1 o T p ¢kNI m.

Onthe6 QOpost there are two sectiods @nd"OQwithin each ofwhich the mag-
nitude of the bending moment varies lineady: 0 T

and0 0 ¢ o C @, KNI m.

The 60 Carea Moment equilibrium® , 0 and0  at noded of the frame is
considered on the diagram (Fig. 2.9i2): 0 0 T,
then0 0 0 pc¢ ¢ T,kNI m dan dminthe hinge joint.
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M =8kN XM —y MgD

[ o )

A

MAC = 12 kN e
Fig. 2.9.2

The convexity of the parabola in sectiorOs directed downward (in the direction
of action of the distributed loathat isa parabola convex towards the lp&dy. 2.9.3).

\

a ~ D

C h E

a
1/2
[
(b)
Fig, 2.9.3

Finding the bending moment in the middle sectbthe elemenwith the distrib-
uted load at the poir®. The method of stratification of diagrams is used, the curvilinear
diagram is presented as the sum of two parts:

(1) one part of the diagram is a triangle with adeg

(2) the other part of the diagram is a parabolic segment with a F@ight

The bending moment in the middle of the section is equal to the difference:

0 Q.

The height of the parabolic segment of the diagram of bending moments, which is
the magnitude of #gnmomentQfor the parabolic part of the diagreor: @ dI¢, is de-
termined by the dependenc@. 1 & fy, wheren i thedistributed load intensity, the
section lengthitis 4 m. In the middle of th® of legd ‘Che magnitude of the momeint
for the triangular part of the diagram is equali to: ¢J¢.

The resulting value of the bending moment in the middle seofidhe element
with thedistributed loadat the pointOis equal to:

0 N afy ¢ ¢ Tt TP TtI¢ ¢ kNIm.
The resulting diagram of the bending momenis on thegraph(Fig. 2.9.4 a).
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(b) (c)
Fig. 2.9.4

Calculation and creating of the diagram of transvetseshear) forces (Fig. 2.9.4
b). The differentiainterdependencketween the bending momantand shear force has

the form:0 —.
The bending momerit as a function of the longitudinal coordinatef thecros$

sectiorwithin thesection lengtlais determined as: ,where

0 andb T thevalues of bending moments at the beginning and at the end of the section.
The first two terms serve to determine the bending moment in the presence of a transverse
load distributed over the arga

The shear forceist — 1 ©w ——.

atw T

Shear force in initial and final sectioequals0 —

atw o

and0 —

For creatingthe diagrams of transvers¢he shear) force® the previouslydeter-
mineddiagram of bending moments can be useayhichthe values of transverse forces

in sections are determined as: o, kN on the0 Osection

0 — —— T p UKkN

and0 — —— 1 p o kNonthed Gsection
0 o, kN on the'OGsection

and0 o, kN on thed "Gection

Determiningof the diagram of longitudinal forces (Fig. 2.9.4 c)To find the lon-
gitudinal forces one needs to cut out the frame nddesgeate equations of the balance
for the external and internal forgesting on each node, atwidetermine the longitudinal
forces acting on each node: L kN andu o kN by theconditions of balance
of the nod& and0 o kN by the balance of nod@.
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Questions and comments

2.9.1. The £quence of diagramdetermining the bending momentsthe shear
forces andhelongitudinal forces.

2.9.2.Determination of support reactions using the balance equations of a mechan-
ical system and checking the locatiorfaices

2.9.3.The general rules of bending moments diagrdetsrmining

2.9.4.Shapes by sections tife bending moment diagrams depending on the load
on mechanical systesections.

2.9.5.Method of stratification whedetermining theliagrams taking into account
the effects of various loads on a section of mechanical system.

2.9.6.The dfferentialinterdep@dencebetweerbending moment and shear force.

2.9.7. Bending moment as a function of longitudinal coordinate ofribes sec-
tion.

2.9.8. Using a diagram d¢fe bending moments tdeterminehe diagram of shear
(thetransverse) forces.

2.9.9.Thecalculaton of longitudinal forces andeterminingthe diagram of longi-
tudinal forces in sections of mechanical system by cutting oodes.

2.10. Calculation of forces in mulii spanstatically definable beams
and determining the diagrams offorces and moments

The dependence of static definability on the number of hinges is illusbatbe
examples of a hinged cantilever beam (Fig. 2.10.1), includiegwor support statically
definable simple beam (Fig. 2.10.1 #)e single staticallyindefinabletwoi span beam
(Fig. 2.10.1 b)the triple staticallyindefinablefouri span beam (Fig. 2.10.1 c) atite
multii span staticallyndefinablebeam (Fig. 2.10.1 d).

ras 3 PN & %

(a) (b)
T; TZ T3
Bk e L ,
(c) (d)
Fig. 2.10.1

The number of hinges ofsaticallydefinablehinged cantilever beam can be found
using P.L. Chebysh&¥ s formul a, showing t he numb
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OV o O ¢ Y 0 T whereOi thenumber of mechanical system diskg, the
number of simple hinges, T thenumber ofelementary support links.

The number of disks and hingesn be interdependent by the formulas
O Ypo Yp ¢ YO mand’Y 0 o

Geometric variability ohinged cantileverbeamsThe examples of geometrically
invariable hingetcantilever beamare shown in the diagrams (Fig. 2.10.2 a and b).

A T, B c . T p E ga._ 1 p T ¢ Tz Ts p E
e o == 2= o A ™ T T T
() (b)

Fig. 2.10.2

In order for a statically determined hingjedntilever beam to be geometrically un-
changeable, the following conditions must be met:

1. Each spanof thehinged cantilever beansannot have more than two hinges.

2. There cannot be two hinges in each spaiheadjacent spans

3. The aljacent spans cannot be without hinges.

4. There cannot be more than one hingeuter span with an outer hinged support.

5. There must be at leasne hinge at the end the outermost span with a rigid
embedment.

The pimary and secondary elements of cantilever beams:

1. Basic elements of cantilever beaars those whicliemain geometrically un-
changed when adjacent elements are removed.

2. The ®condary elements of cantilever beatng to insufficient number of sup-
port connectiongrenot remain geometrically unchanged whie@adjacent elements are
removed.

Examplethefloor diagramCalculation othemultii spanstaticallydefinablebeam
(Fig. 2.10.3) andhe determiningf bending moments and transverse (shear) fadiges
gramscan be performed biye dividing of beam into individual elements usitige floor
diagram, which igleterminedaking into account the interaction of elements

The ®quence of floor diagramtetermining The hinges are replaced with hinged
fixed supports (with the same number of connectidfs)example, from left to righthe
individual elements are shown above, if the previonselement is geometricallyn-
changehle, orare showrbelowi if the previousonechangeable.

Thesystem of singliespan beam&hich absorb a given load and pressure from the
elementsndicatedaboveis theresult

The impact of the main element on the lower secondaeyn the floor diagram
equalgto the reaction of the support of the higher element and has the opposite direction.
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Fig. 2.10.3

Questions and comments

2.10.1. Static definability of hinged cantilever beam depending on the number of
hinges

2.10.2. Determinationf the number of degrees of freedom of a mechanical system
by P.L. Chebyshes formula depending on the number of hinges, disks and support con-
nections.

2.10.3.The geometric variability of hinged cantilever beams.

2.10.4. Conditionef the geometric invariability of a hinged cantilever beam

2.10.5.Primary and secondary elementslod cantilever beams.

2.10.6.Application of the floor diagram to calculate a miudfpan statically deter-
mined beam antb makediagrams of bending momenénd shear forces
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2.11. Using theforces methodin the form of threei momentequation
to determine the forces acting in continuous beams

Beams that lie on more than two supports and do notthawetermediate hinges
arethe continuous beams. The degresstatic indefinabilitye of a continuous beam is
equal to€ 0 o, whered T thenumber of support connections.

The main system is one that is obtained from a given arrangement of hinges over
all intermediate suppa@t

In this case, the extra (redundant) unknowns are the bending mdimeintshe
support sections.

The equivalent system represents a series of simple supported beams loaded with a
givenforces (concentrated and distributedid unknown moments.

The action of a given load applies only to the spanvhich the loads applied.

Its action is transmitted to other spans through supporting bending maments

An example of a continuous beam resting on more than two supports and not having
theintermadiate hinges is shown on the diagram (Fig. 2.11.1).

ll 1F HHqHHX

0_ L '_L;— 1 L; i livq i+ 1

Bl —— - -  —

T

—_
:~
=N

Fig. 2.11.1

The sipports are usually numbered from left to right, designating the leftmost sup-
port with a numbert The span number corresponds to the number of its right support.

The use otheforces methodh the form of threemomentequation Physicalcon-
ceptof the threémoment equation means that the angle of mutual turn of the sections
adjacent to the cubut hinge on both sides is equal to zero:
0 a ¢ 0 a o 0 a @ Y ,where'Y 0§ o i
fictitious support reaction on th@th support (Fig. 2.11.2), equal to the sum of the reac-
tions of singléspan beams located to the left and right of @ik support from the load

distributed according to theatternsof bending momentsi —

ando
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Fig. 2.11.2

The support reactions when loading sinigépan beams typical options are shown
in the diagrams (Fig. 2.11.3, 2.11.4, 2.11.5 and 2.11.6jlaredminedy givenformulas:

5 — 6 0 p O

andd6 — O U p 0 for the

singlé span beam option shown on the
agram (Fig. 2.11.3);

0O — p

andd — p  for the singlé

span beam option on the diagr:
(Fig. 2.11.4);

0 —and6 — for the option of
singléd span beam on the diagre
(Fig. 2.11.5);

0 — n aandd — NN a

for the option of singlespan beam on th
diagram (Fig. 2.11.6).

u Xl v X1
14 F B
[
Fig. 2.11.3
a F F a

A ] ) B
7. I Z.

Fig. 2.11.4

q
t v ¢+t + V¥ 4B

7

7 l 4

I 1

Fig. 2.11.5
q
R B
T T
l
Fig. 2.11.6 |

An example of the calculation of a continuous beam using thé thoeeent equa-
tion (theforces method A continuous beam and its basic system are shown on the dia-

gram (Fig.2.11.7).
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Fig. 2.11.7

To transform the diagram of a continuous beam to its main system, one applies a
moment and transverse force on the support instead of the distributed load acting on the

console f®& 1): 0 — ¢ kNI mg ¢ ¢@KkN.
The threemoment equations for each intermediate support have the form:
0O a ¢ U a a 0 a o Y,
0 a ¢ 0O a a 0 «a o Y,
O a ¢ O a a 0 «a o Y .

Thebending moments from given span load in the main syateishown on the
diagram (Fig. 2.11.8) indicating the dimensions of the spans of a continuous beam.

| 4
A1 a, b, Br1 Afz ag b} BrslAraay by Brs
0 ‘ 1 2 3l 4
by~ C S wy;=0 A Sy LCall L
b\‘i\Jv,’\'\// w s [[\ C3” Cé ;;.(//, 77/‘ h4 Z4
hl wq w3hl3/ N& /// w3
a131 \-,\ h/3 bé’
Fig. 2.11.8

Calculation of fictitious theimaginary) reactions along the spans of a continuous
beam.The first span:

Q p&NIm&a uvm, - Q - v pc oTKNIM

® - M o U CHYM®O® - T ¢ U C®om,

o) & pt1 Kk Rdnagd . pe kRIm
Second span: T, O mando U
Third span’Q ¢ @ KNI m, & @m,

T - & Q - @ ¢® ¢ kNIM,

® ® omd 6 8 o&vy kAT m
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N ¢ KNI, - & - ¢ om,

T - a4 0 - o cgu ® kRIm

8 8

® T&M® pdmM,O o® x,u k AT m

8 8

and6 p® c,u kAT m

The fourth span:
"Q @k NT t, tm, - Q - 1 @ pe kRANIm

® @ ¢mandd 6§ —— — ¢ kAT m

Findingof fictitious (theimaginary) external load indicators on the right side of the
threé moment equatiolY 0 o
Y &6 0 pem po kRIm
Y 6 0 T o&ULU o® XL o®we,u kAT m
Y 6 0 O&ULU PP CUL Y T & X, kNI m2

Based on the initial data and when creating the main system, the following support-
ing points weraeletermined? mandd ok NT m.

Finding the remaining supporting moments using threement equationtlie
forces methof The system of thequations for supports 1, 2 and 3 tiee form:
¢ 0 pmd v @ po
0 v ¢ O v ¢ 0O o @ o®W¢,U
0 ¢ ¢ O e T ¢ T @ T &X.L

The support momentzefound 0 opk NT o, ek NT m
andi wpk NT m.

Determiningthe diagram othe support momentand thediagrams of bending mo-
mentsM and shear forces. Fordetermining theliagrams of bending momerdeesum-
marizes the diagrams of momentom the support moments (Fig. 2.11.99) andfrom
the span load (in the main system, Fig. 2.11b9.

821 9.6 781
186 31 68 821 | 6|
Je——— , g
(@)
AP + DA
12
22.5
(b)
Fig. 2.11.9
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The dagram of transverse (cutting) forc@gFig. 2.1110 &) one can find by dif-
ferentiating the diagram of bending momenid-ig. 2.1110b).

10.01

6.91 6
338 s 3'3? 0.74 0.74|| |® 03 \GN B
6.62 6.62 7.97 L1117 97
(@)
9.6
3TN I8
| o —LW i o5 A M, kNxm
10.14 S
(b)
Fig. 2.1110

Questions and comments

2.11.1.The concept of a continuous bedire degree at static indefinability

2.11.2.The asic system whegalculating a continuous beam.

2.11.3.Using theforces methoadh the form of threemomentequation.The ghysi-
cal concepif the threemomentbalance

2.11.4.The fictitious support reaction on the suppequalityto the sum of the
reactions of singlespan beams located to the left and right of the support from the load
distributed according to theatternof bending moments

2.11.5.Typical examples of singlspan beams used to fitlte support reactions.

2.11.6.The treé@ moment equations for eachantediate support.

2.11.7 Calculation of fictitious theimaginary) reactions along spandiod contin-
uous beam.

2.11.8.Findingof fictitious (the imaginarygxternal load.

2.11.9.Findingof support moments using the thiregoment equation.

2.11.10.Determiningthe diagrams of bending moments by summing the diagram
of moments from the span load and the diagrathedupport moments.

2.11.11 Finding the diagram of transverdbd shegrforces by differentiating the
diagram of bending moments
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2.12. Impact of a moving load on a beam and creation
of a line of influence of a moving load

A line of influence { Y@ a graph of the dependence of a certain fattter¢action
or theforce in any sectiomgr thedisplacement of point, etc.) on thesition of a unit of
the force application in a constant direction on a structbesystem of bodies, etc.).

The influence line is not a diagraBiagram ighegraph ofany definitedependence
of the factor the internal force,or displacement, etc9f the stressstrain state of this
element {he structure, mechanical system, etc.) on a given stationary deaermined
along the axes of the elements of a mechanical system

Whendetermininga line of influence, the load taken, in particular, is a unit load,
which is a unit weightl{ p, when bending a rod as part of a truss or frameanit force
directed vertically downward dsy perpendicular to the axis of this element). The line
along vhich a unit load moves #enominated load line.

Static or kinematic methods faleterminingof influence lines are used@he static
method is considerdaklow as theexample (Fig. 2.12.1).

Determining thdines of influence othe support reactions @ andd @ .

It follows:Y matw 1 the’Y pandY oftatew afrom the equation
ofbalanceB0 mY & 0 ® T

Atw 1Y pandatw a’Y Tmand’Y a o Tafollowing from the
equation of the balancB:0 T Y a0 & o T

Determining ofline of influenceon bending moment ® of the load position.

The left branch of the influence line® .At: & @ it follows: 0 T

atw 10 watew oaandd —atw ®from the condition of the balance of

~

the cut off right part of the bear: 'Y ® - @

The creation of the right branch of line of influeric& : 0 ® & ®.
From the condition of the balance of the cut off left part of the beam:
0 Y « — itfollows:atw 110 wand atw G0 TL

Thedeterminingof lines of influence of the position ahitload on the magnitude
of transversetkie shearing) forcd ® (Fig. 2.121).
The determiningof the left branch of the line of influenaa transverse force 'O

0 . From the condition of balance of the cut off right part of bedm: 'Y V(o
at ® o it follows: 0 matw T O pfaat w ¢&and 0 W
ato @
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The right branctdeterminingof the line of influenceon transverse forcé O .
From the condition of the balance of the cut off left part of beéam: 'Y a o foat

O o a oitfollows:0 pat® w0 Tmatew &andD a OFx G
atw @

Determination otheinternal forces in sections on beam consoles (Fig.2.12.

Theinternal forces in sections to the left of the consoled mtand0 Tt
atow T 0 0 ® owatm w wandd p.

Internal forces in sections to the right of the consoted mtand0 at
® o 0 ® owatn ® Qandd p.
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Fig. 2.12.2
Questions and comments

2.12.1. The line of influence of a force when moving the poittt@forceapplica-
tion without changing the direction of the force.

2.12.2.The bbad line along which a unit load moves.

2.12.3. Line of influence of the position whit load on the magnitwof the trans-
verse theshearing) force.

2.13. Lines of influence during nodal transmission of moving loads

An example ofdetermining ofthe line of influenceon bending momend “® in
sectionv of the main beard 6 dvith nodal load transfer.

The nmechanical system elements: main beam, auxilitng [Ongitudinal) beam,
cross beam, node, pan€he paneli area between two adjacent nodes.

The data irconsideregxample corresponds to the diagram (Fig. 2.13.1). Longitu-
dinal beamareattheintervals: (01) (1i2 ) , 18). Thehodesre 0, 1, 2, 3, 4 and 5.

d, d, | ds dy ds
=1,

|
0 1
I Ad L 2

a

l c

Fig. 2.13.1
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Theinfluence lined '® on bending momenis got withoutconsidering theéodal
load transfer has the form (Fig. 2.13.2).

X b/l
“ / Y2

Vi _ |

| Yo
Fig. 2.13.2

Creation of the line of influenceé "On bending momenb  without taking into
account the nodal load transfer, which is when motheginit load along the main beam
in the interval (12). Todeterminehe line of influence of the bending momeént® in
section0 it is necessary tindicatethe ordinated ¢¥ftrandto connect the resulting
vertex of the line of influence With zero ordinates under the léftand rightd supports
of the main beam (Fig. 2.13.1).

Consider the position of unit load) p) appliedon one of the secondary beams,
for example, on the beami@). The beam calculation {2) one can perform independent
onothers.

The support reactions on the beam?las a function of the unit forc& p) are

equall’yY ——andY —.

Theloadforces on the main beam in the nodes 1 and 2 are equal in magnitude to
the found reactiony¥y and’Y andareopposite to them in direction. Theseeno forces
from the remaining beams, because they are not loaded.

Thedetermininfof the line of influenc& "@nbending momend in sectionv in
when moving a unit load within the panel (secondary beag). Finding of bending
momentd in thesectiond of the main beam when moving a unit load along the second-
ary beam (1.2). The line of influenc& "‘@nhthe bending moment is used when moving
theunit force {O p) along the main beam directly, loading it witte support reactions
Y and’Y . The bending momeiit is equal to:

0 Y o Y O — w — w,thatis0 w atw Tmandod )
atw Q.

The diagram (Fig. 2.13.3) shows the fidatisionof the line of influenc® “@nthe
bending momend in sectiony of the main beam 6 dvith nodal load transfer.
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2N 1 K 2 B[
Fig. 2.13.3

Conclusions. When the unit force is positioned on the secondary beam, the line of
influence has the shape of a straidjhe segment connecting the ordinate vertieesahd
w ) of the line of influence at the nodd® create the influence line on theimbeam one
would connect the ordinates at the next nd@kshe beginning and at the end of each
panel w, w and othershy thestraight segment$having identified the ordinates of the
influence line in the node3hese segments adended the transfer lines. The resulting
broken line is the final line of influende "&f the bending moment in sectiond of the
main beam.

Questions and comments

2.13.1. Line of influence of bending moment during nodal load trangfercon-
sidered E2Ements of the mechanical system: main beam, auxilibefqngitudinal) beam,
transverse beampde panel.

2.13.2 Creation of the line of influence of the bending moment without taking into
account the nodal load transfer, which is when moving daadtalong the main beam.

2.13.3.The ceation of thdine of influence of the bending moment in section in
when moving a unit load within the panel.

2.13.4.The final view of the line of influence of the bending moment in the section
of the main beam withodal load transfer, the transfer lines

82



2.14. Linesof influence on forces acting in the trussods

Example ofthe determining ofine influenced "©f forces in the rods of second
panel of a beam truss. The lower band of the truss can be dfigenve as a platform for
moving cargo).Static method of line influencdeterminingis used, taking into account
the nodal load transfeData inconsideredgxamplemeetshe diagram (Fig. 2.14.1).

G 4 H 8 K 12 L 16 M
i
2
1 4 B —l \a
LA ; C 6 D 10 _LB 14 E
B l=3xd L d N
Fig. 2.14.1

The determiningof lines of influence of support reactions (Fig. 2.142y.the
equations, the support reactions are determined as a function of the po$itoardli-

nate) of a unitload®@ p):Y —andyY -

G 4 H 8 K 12 L 16 M
! 3 5 7 9 11 13 15 17
X
= F=1

1 -l a

A 2 C 6 D 10 B 14 E
1

LI R,

LI Ry
Fig. 2.14.2

In accordance witlexercisefor the example, the section is made along the second

panel, dividing this second panel along rods 6, 7 afith&determiningof lines of influ-
ence of forces in the truss rodsandicated on the schen(leig. 2.14.3).
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The determiningof theline of influenced ‘® of forcesin the sixth rodThe left
segment of théine of influenced O is determinedvhen a unit load@ p) is applied
onthelegm w 'Q The moment point method is used for the force systeing to
the rightof the sectionB 0 md QY Q mo Y ‘QAUQ
orb o Q.

Determiningof right segmenbf the lineof influenced ‘@ , when unit load"©
p) is applied to the point Q w T 'Q The moment point method is used for the
force system acting to lefegmenbf the sectionB 0 mbu QY ¢ Q m
O Y ¢ UAri ¢ o0 Q wTao "Q.Thetransfer line connects the co-
ordinate vertices at the boundaries of the dissected panel.

Determiningthe lineof influenced ® . The force projection method is used.

Left section:m  w '‘Qof the line of influenca) "® . For the right cutoff part,
the equation of the balaniedrawnupBé&® m 0 OET Y T
0 YZTOElor6 @ro Q OEI.

84



Right sectiong Q @ 1 'Qof the line of influence) "B . For the left cut
off part,theequation of the balanéedrawnupB® w0 OET Y
0 Y YO B Tor o Q wfo Q OHI.
The transfer line connects therticesfound of the influence ling O .
Thedeterminingof right part ofline of influenced "® . Left sectiont @ Qof
the line of influence "® . The moment point method is used for the force system acting
to the rightsegmentf the sectionB 0 mi QY ¢ Q m
0 Y ¢ HQord ¢ oo Q.
Right sectiong Q @ 1 Qof the line of influence® O .
One useshe moment point method for the force system acting to the left section:
B0 md QY Q mo Y FQori o Q wfo Q.
The transfer line connects the found vertices of the influence lite.
Thedeterminingof right part of lineof influence 0 and0 and finding the verti-

ces of the influence linegheforcesvalues) by cutting out nodes (Fig. 2.14.4).

~ [=3xd v
- d -
G 4 N H 8 /Ns K 12 L 16 M
f 1 % Ng
‘ N. 15,
ho1 3 5 N, jo NI s -
- F=] i
1 —i_ @ Ne N6<‘ N
Ta 2 c 6/ N, D 10 LB 14 E
F=1
1
m
LI N,
Fig. 2.14.4

The nod€OQis cut ouf andforce found isD .
NodeOis cut out and equations of the balance are drawn up for sections. Coordi-

nate value (forceé ) for sections of théne of influencel "© is equaltol  TTin area:
mT o Q0 patthepointw ¢ Qandd mintheareac Q w 1T Q
The transfer line connects the vertiéesgnd of theline of influenced O .

Questions and comments

2.14.1.The Ines of influencen forces in the rods of a beam truss, the lower band
of which is the platform for moving the load
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2.14.2 Finding support reactions adeterminingtheir lines of influence.
2.14.3.Thedeterminingof thelines of influence on the forceséach bearof truss
whenmovingtheload

2.15. Conditions for the balance of a spatial system of forces

The vector forms of the conditions of the balance of a solid body under the influence

of the force systeni®R®B F® are considered
For the balancef spatial force system applied to a solid body it is necessary and

sufficient that the main vector of the force syst®ime equal to zero, and the main vector
of moment)P of the system relative to any center of reduction was also equal to zero, that
is: "ORDM @ 1 thatis'? mandiP 7T

The <alar form of the conditions of the balance of solid body under the influence

of the force systernFor the balance of spatial force systéBHDH H® , applied to a
solid body, it is necessary asdfficient that the magnitudéh@e modulus)’Y of the main
vector of forces and of the main momeént of these forces relative to any centerthu

reduction were equalto zefd: Y Y Y ,thatis’Y 1Y mandyY T,

0 0 0 0 ,thatis:D T, 0 tand0 U

The ®onditions of the balance of a solid body under the influence of spatial systems
of forces "®HOIB (D . Conditions of the balance under the influence of an arbitrary spa-
tial force systemB™O mBO mwB'O 0 T, O mtand) TL

The gpatial system of parallel forces (Fig. 2.15.1@)nditions of the balance of
solid body under the influence of a spatial system of parallel forces have the form:

BO mnBOL ® mandBO ® 1

z

F,

(a)
Fig. 2.15.1
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The gatial system of converging forces (Fig. 2.15.1Gnnditions of the balance
of a body under the influence of a spatial system of converging forces have the form:
B'O mB'O mandB'O 1

Arbitrary flat system of forces (Fig. 2.15d). Thenecessary and sufficient condi-
tions ofbalanceof a body under the influence of an arbitrary flat force system have the

form:B'™O mB'O mandB0 ® T

(b)
Fig. 2.15.2

Flat system of parallel forces (Fig. 2.1®R Thenecessary and sufficient condi-
tionsof the balance adolid body under the influence of a plane system of parallel forces
have the formB™O mandB0 ® 1

Plane system of converging forces (Fig. 2.15.2 c).ndeessary and sufficient con-
ditions ofbalanceof a body under the influence of a flat system of converging forces have
the form:B"™O mAT BO 1

Questions and comments

2.15.1.The wector form of thenecessary and sufficient conditionshalanceof
solid body under the action of a spatial system of forces.

2.15.2.Scalar form of th@ecessary and sufficient conditionsbaflanceof a solid
body under the action of a spatial systenfootes

2.15.3.The necessary and sufficient conditionsbafanceof the body under the
influence of a spatial system of parallel forces.

2.15.4.Conditions of the balance sblid body under the influence of an arbitrary
flat force system.

2.15.5.Condtions of the balance @blid body under the influence of a spatial sys-
tem of parallel forces.
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2.156. Thenecessary and sufficient conditionsbaflanceof solid body under the
influence of a plane system of converging forces.

2.16. Reducing an arbitrarysystem of forces to its simplest form

Reduction of an arbitrary force system acting on a solid body to a force and a pair
of forces. Bringing the force to a given center. At the poitihe force ®operates (Fig.
2.16.1 a). It is required to transfer the fo@parallel to the poind (Fig. 2.16.1 b).

VA Z Z

(b) ()
Fig. 2.16.1

At the pointd one can apply two oppositely directed forc&and® equal in
magnitude forc@Fig. 2.16.1c): ® BDHD x BB andiP BB (P O,

Theorem on parallel force transfer. A force applied to a solid body can be trans-
ferred in parallel to any point of the body by adding, wherein, a pair of forces, the moment
of which is equal to the vector moment of the transferred force relative to tiséetra
point.

Reducing an arbitrary system of forces to a force and a pair of fGitvegeplacing
a system of forces with one force and a pair of forces applied to solid baelyasinated
thebringing the force system to a given center.

Initial system of forces ®HDIB RO . It is required to bring this system of forces
(Fig. 2.16.2 a)to the centemt To do this, sequentially to each power of the system

"OHDMB F® one can apply the parallel force transfer theorem.
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ﬁn
(a) (b) (c)
Fig. 2.16.2

To do this, one needs to apg@lthe center the balanced system (Fig. 2.16.2 b),
consisting of¢ oppositely directed forces, the lines of action of which converge at one

point (that is converging forceseoppositely directedj® 0.
The forces appliedin a balanced system are equal in magngt¢he forces in the

original system™®ho8 (D :'® D,
Thesystem of converging forc& and pairs of forces®h® ) is dbtained jointly

equivalent to a given system of forcE8R®MH HD , applied to a solid body.
The main vector of the force system is their vector sum (the resultant force applied

at the center of the reductio:. ® ® E ® B'D,
The main momenf a given system of forces relative to the center of reduction is
the vector sum of the momentsalfthese forces relative to the specified center:

0 P® (P® E (P® BP®.

Poinsot's theorem. The spatial system of for@8$®H F® , acting orsolid body,
can lead to a force equal to the main vector of the force sy8temdthe pair of forces
(Fig. 2.16.2 c), the vector of momewR relative to the center of reduction 0, which is
equal to the main moment of the fessystemB (0P '© .

Questions and comments

2.16.1.The reducing an arbitrary system of forces actingsohd body to a force
and a pair of forces.
2.16.2.The theorem on parallel force transfer.
2.16.3.Reducinga system of forces to a point (to the center of the system of forces).
2.16.4. The main vector of the force system is the vector of fetoas
2.16.5. The main moment of force system is the vector sum of the moments of all
forces relative to the centef the force system.
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