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I n t r o d u c t i o n 

 

The material in the book is organized in a methodological sequence of characteristic 

issues in the solid mechanics and elasticity of systems and their elements widely used in 

marine engineering, as part of the structures of sea ships, of the shipbuilding enterprises 

equipment, as well as of the hydraulic structures, the other structures, devices and mech-

anisms used for the development of resources of the reservoirs, seas and their shores, etc. 

The textbook includes the exercises and theoretical sections used in solving of these prob-

lems. 

The book discusses the mechanical characteristics and patterns, methods, sequences 

and general algorithms for calculating mechanical systems and their elements, relevant for 

the professional training in mechanical issues, in particular the following thematic sections 

for specialists involved in the technology of ships constructing, of the marine engineering 

equipment and the machinery of the ships, of the offshore rigs, of shipbuilding plants and 

yards, as well as those carrying out maintenance of these objects: 

1. Forces, moments of forces, the systems of forces, the pairs of forces, the coordi-

nate systems, the balance of a system, the mechanical systems in marine structures, con-

nections in mechanical systems. 

2. Static calculations of elements of the mechanical systems (the frames and 

trusses), finding of the reactions and creating the force diagrams, the threeïmoment 

method, the moving loads and lines of influences. 

3. Static indefinability of mechanical systems. The canonical equations of the force 

method and the displacements one used to determine the reactions under static indefina-

bility. 

4. Using the computer algebra system Mathcad and the Microsoft EXCEL program 

for mathematical operations on matrices and vectors, to determine the displacements of 

nodes of mechanical system, using the Mohrôs integral, and to find the reactions, forces 

and displacements using the finite element method. 

5. The mechanical sustainability of compressed elastic elements of the marine struc-

tures, the influence of material plasticity on the sustainability of system. 

6. The shear and torsion of the mechanical system elements. 

7. Stressïstrain state of the elastic elements of mechanical systems, the hypotheses 

of plasticity and destruction of elements, the main areas and main stresses. The use of the 

plasticity and destruction concepts to assess the strength of the mechanical system or the 

body. 

8. The methods for specifying the motion of point and kinematics of elements in 

mechanical systems, the coordinate systems, the curvature of the motion trajectory, the 

instantaneous centers of the velocities and accelerations. 
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9. Forces acting on elements during the movement of mechanical system (the mech-

anism) and the mechanical patterns of motion under the influence of forces. The momen-

tum, moment of momentum, the kinetic energy. 

10. The vibrations of mechanical systems and their elements under the influence of 

external forces. The impact of the mechanical system weight, inertia and elasticity on th 

vibration. 

11. The patterns of ship rolling and motion, the characteristics of sustainability of 

ship motion in water and of it controllability.  

The mechanical properties of structural elements used in industries related to the 

development of marine resources, including the shipbuilding, are definitely universal, re-

lating to systems of different types and their elements, along with the special properties 

inherent in them, such as their functional performances, for example, the suitability of 

structures and mechanical systems for storing or transporting of dry or liquid substances, 

transporting goods, the ability of the structures and systems to withstand the external en-

vironment and its temperature influences, creating certain conditions in enclosed spaces, 

the functionality of mechanical systems and their elements, the manufacturability of the 

systems and elements construction and suitability for maintenance and recycling, the con-

trollability of mechanical systems during safe and efficient operation, etc. 

Despite the specified availability of the special performances of mechanical sys-

tems and their elements ï the functional and technological properties that characterize the 

ability of these systems to be used as part of structures and equipment in industries related 

to the development of marine resources, including the shipbuilding, ship repair, and in-

dustrial development of resources of the seas and coasts, i.e. those special performances 

that are studied, defined and assessed by the appropriate approaches outside the frame-

work of mechanics, these systems and elements also have the universal mechanical prop-

erties and the elastic ones, which methods of the assessment are discussed in this book in 

the sequence and volume, according to the opinion of authors, that contribute to the un-

derstanding of the methodological material, and also allow them to streamline the learning 

process and to help students navigate the subject, assimilate concepts, characteristics and 

methods of calculating of mechanical systems, including in the process of independent 

study of the book subject in the sequence of sections included in it with the sufficient 

initial preparation, if students also have access to other methodological works and profes-

sional publications, and also have the access to the information sources and the ability to 

use the necessary programs in some of the issues considered. 

The object in each section of the book is, to a certain extent, an abstract mechanical 

system consisting of elements, the properties of which are studied and the characteristics 

are determined from the standpoint of mechanics (in relation to a rigid system) or from 

the point of view of the theory of elasticity, and the choice of object in each of those 



5 
 

discussed in the book exercises is associated with assessing the extent to which the se-

lected object allows one to reveal the applied approach or method of mechanics and theory 

of elasticity. 

The book covers, in the appropriate sequence, both the methodological material 

necessary to solve the problems set out in the book, and modern methods of calculating of 

mechanical systems and their elements, including the methods of matrix and vector alge-

bra using the EXCEL program in the standard Microsoft Office application package and 

using the Mathcad computer algebra system, as well as numerical methods, including the 

finite element one, which is widely used in calculating elements of mechanical systems. 

These methods are shown in the process of their use in calculating of elements of mechan-

ical systems that can be used as part of structures and equipment in industries related to 

the development of marine resources, including the shipbuilding, ship repairing, and in-

dustrial development of sea and shelf resources. 

The recommended choice of universal programs for calculating mechanical systems 

and their elements and for mathematical operations with matrices and vectors, for exam-

ple, using the finite element method, or when calculating statically indefinable mechanical 

systems, as well as for solving canonical equations, in particular, the choice of the EXCEL 

program and computer algebra system Mathcad is associated both with their general avail-

ability and with exercise of these programs when used for these purposes. 

It would be mentioned that there are professional programs for use in mechanical 

calculations of certain projects of offshore structures, transmitted in the form of executable 

modules as products of their developers, often with simple instructions for use and a visual 

presentation of the results for offshore structures of these projects, including graphical 

presentations. At the same time, the other programs, transmitted in the form of executable 

files closed to users, i.e. in the form of a çblack boxè, usually have a narrow purpose, and 

they could not be used if are not intended directly for marine structures of other projects, 

as well as for the independent development of algorithms and mathematical models for 

calculating the elements of any mechanical systems, except for the structures of marine 

equipment of that project, for which such a program was developed. Created by their de-

velopers as a product, these professional programs for use in the calculations of certain 

projects of marine structures would be of little use when teaching methods of calculation 

of mechanical systems, except when studying the instructions for these programs them-

selves: entering data and documenting the results ï without independently forming a se-

quence for calculating one or another mechanical system, its algorithm and mathematical 

model, which is the subject of this book. The narrow focus of programs transmitted in the 

form of executable files (.exe, etc.) created for specific projects, and the closed nature of 

the algorithms when transferring such programs to their users, associated both with the 

commercial interests of the developers and with the assumption that users may be 



6 
 

insufficiently qualified, which in this case would only have access to data entry and doc-

umentation of the results, also serve as a prerequisite for recommendations to use the EX-

CEL program and the Mathcad computer algebra system to apply, on their basis, the meth-

ods for calculating mechanical systems and their elements, to develop algorithms and the 

models for such calculations, in particular, for operations with vectors and matrices when 

solving the systems of equations. 

The material in the book refers to the second of the following two alternatives in 

the areas of research of mechanical systems and their elements as part of structures and 

equipment in industries related to the development of marine resources, including ship-

building, ship repair, and industrial development of sea and coastal resources: 

(a) the improvement of the theoretical foundations of mechanics, strength of mate-

rials and the theory of elasticity, including the mathematical research and development of 

professional programs for solving narrow problems of mechanics ï for certain structural 

projects, research of the mechanical properties of new materials and structures, for exam-

ple, the study of nonlinear elastic or composite materials, creation and development of 

experimental methods for these studies, etc.; 

(b) creation of methodological works that can be used in the process of studying 

mechanics in specialized departments of universities, as well as in industry organizations 

in the development of structures, including the use of methods intended for calculations 

of mechanical systems and their elements, which in terms of professional training com-

plements the above alternative direction of work related to improving the theoretical foun-

dations of mechanics, strength of materials and elasticity theory. 

To find the characteristics of mechanical systems and their elements when perform-

ing the exercises discussed in the book, the external load is assumed to be given, i.e. the 

subject is the assessment of the internal stressïstrain state of a mechanical system, except 

of certain tasks considered in the book, for example, if external forces arise from the action 

of pressure (from water or load), or from the action of a temperature difference, during 

thermal deformation of the elements of a mechanical system. Physical problems of deter-

mining external load (the forces, volume or threeïdimensional flow rate, productivity, 

temperature, amplitude of acting forces, etc.) are usually found in other subject areas and 

can serve as independent problems for research. If there are analogues (the functional or 

structural) of mechanical systems and their elements as part of structures and equipment 

in industries related to the development of marine resources, including shipbuilding, ship 

repair, and industrial development of sea and coastal resources, the use of these analogues 

can serve as a practically convenient formal method of finding the external load for the 

calculated offshore structures. By analogy, the external load can be found by selection, 

using algorithmic models created for the structures being calculated using the methods 

discussed in the book. With this approach, in order to determine the external load 
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withstood by the analogue, which is subsequently used to find the forces, moments, 

stresses, deformations and displacements for the calculated offshore structure, it is as-

sumed that the calculated mechanical system and its elements will be equal in strength to 

the analogues, based on the data of which the withstandïable external load was found. 

Unlike textbooks by famous authors on mechanics and elasticity theory, this book 

is aimed at developing practical calculation skills within the framework of modern math-

ematical modeling capabilities, for which theoretical sections are also included to the re-

quired methodological extent. In addition, the calculation methods used in mechanics and 

the theory of elasticity are shown, based on mathematical operations with matrices and 

vectors, for example, the finite element method in the calculation of deformations and 

stresses in structures and in their discrete models, which is carried out on the basis of the 

available programs EXCEL and Mathcad. It can be said that the development of mechan-

ics, the theory of elasticity and the mathematical apparatus used, which predetermines the 

teaching methods in these programs, in the postïindustrial period, in contrast to the pre-

vious stages, is characterized not so much by new information about the laws of mechanics 

and the properties of elastic materials in the composition of mechanical systems and their 

elements, but today it could be considered generally known [1ï8, 10, 11, 21, 23, 25 and 

27] how many new possibilities for performing calculations and mathematical modeling 

within the framework of certain algorithms for solving problems and processing the digital 

information, which creates the appearance and direction of improving modern methods of 

mechanics and serves as the basis for new methodological books, which are necessary, in 

particular, for specialists in the field of shipbuilding and marine technology. These scien-

tific motives guided the authors when forming the material of this book. 

The textbook is recommended by the Far Eastern Regional Methodology Centre of 

Russian Ministry of Education for multilevel training within the group 26.00.00 çEngi-

neering and technology of shipbuilding and water transportè for training bachelors, mas-

ters and engineers, for the postgraduates, as well for the retraining and skills improving of 

the professional directions: 26.04.02 çShipbuilding, ocean engineering and marine infra-

structure systems engineeringè, 26.05.01 çDesign and construction of ships and ocean 

engineering objectsè and 26.05.05 çNavigationè as the additional material for training 

graduate students, as well as for advanced training of considered issues of educated ex-

perts. 
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Chapter 1. Forces, moments of forces, force systems, force pairs, 

coordinate systems, system equilibrium, mechanical systems 

in marine structures, connections in mechanical systems 

 

1.1. Mechanical bodies, the action of forces and the interaction of bodies, 

axioms of the properties of force vectors 

 

The main issues of statics: the issue of reducing complex systems to a simpler form 

and the issue of the equilibrium conditions for various systems of forces.  

The concepts of objects in theoretical mechanics are: a material point, an absolutely 

rigid body, a system of bodies. An absolutely rigid body can be free or nonïfree. 

The force (Fig. 1.1.1 a) is the measure of the mechanical interaction of bodies. The 

force is a vector quantity, characterized by magnitude, direction and point of application. 

The unit of force in the International System of Units (SI) ï Newton (N=kgĬm/s2). 

Types of forces are: the concentrated and distributed, the active forces and reactions 

of connections, the external and internal forces, the constant forces and variable ones. 

 

 

(a) 

 

 

(b) 

 

(c) 

 

 

 

(d) 

 

(e) 

Fig. 1.1.1. The actions of forces on the mechanic bodies 

 

The system of forces is the set of forces applied to a body ὊᴆȟὊᴆȟȣȟὊᴆ . 

The systems of forces are: spatial, flat, convergent, parallel. 

The resultant of forcesô system is: Ὑᴆͯ ὊᴆȟὊᴆȟȣȟὊᴆ . 

Equivalent force systems (replaced by the resultant one): 

ὊᴆȟὊᴆȟȣȟὊᴆͯὖᴆȟὖᴆȟȣȟὖᴆ . 

The balanced system of forces is when: ὊᴆȟὊᴆȟȣȟὊᴆ πͯ. 

Axiom 1. The axiom about the balance of a system of two forces. For the balance a 

system of two forces (Fig. 1.1.1 b) applied to points of a rigid body, it is necessary and 

sufficient that these forces be equal in magnitude and act along one straight line passing 

through the points of their application in the opposite directions: 

Ὂᴆ Ὂᴆ, Ὂᴆ Ὂᴆ π and ὊᴆȟὊᴆ πͯ. 

Two forces are denominated directly opposite under this condition. 
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The corollary 1. Under the influence of a single force, a body cannot be in balance. 

Axiom 2. If a rigid body is acted upon by the system of forces (Fig. 1.1.1 c), then 

when another system of forces equivalent to zero is added (discarded) to this system, the 

resulting new system of forces is equivalent to the initially given system of forces. 

The corollary 2. The force is a vector sliding along the line of its action. 

If: ὊᴆȟὊᴆ πͯ, and Ὂᴆ Ὂᴆ Ὂᴆ, then Ὂᴆͯ ὊᴆȟὊᴆȟὊᴆ Ὂͯᴆ. 

A force acting on an absolutely rigid body can be transferred along the line of action 

without changing the effect of the action on the rigid body. 

Axiom 3. The parallelogram of forces. Two forces applied at one point of a rigid 

body can be replaced by single resultant force (Fig. 1.1.1 d) equal in magnitude and direc-

tion to the diagonal of a parallelogram built on the given forces: Ὑᴆ Ὂᴆ Ὂᴆ. 

The opposite is also true. One force can be decomposed into components using the 

parallelogram rule. 

The magnitude of the resultant Ὑᴆ (the parallelogram diagonal) taking into account 

the angles between the forces is equal to: Ὑ Ὂ Ὂ ς Ὂ Ὂ ÃÏÓ‌, 

where: ‌ • •  ï the angle between the force vectors in the parallelogram, equal to 

the sum of the angles between each of the force vectors: Ὂᴆ and Ὂᴆ and their resultant Ὑᴆ, 

wherein:  . 

Axiom 4. On the equality of action and reaction forces (Newton's third law of me-

chanics). Any force of action has an equal and opposite force of reaction (Fig. 1.1.1 e). 

Axiom 5. Axiom of the çsolidificationè. The equilibrium of a deformable body (for 

example, the equilibrium of a weightless thread loaded with forces at the ends) will not be 

disrupted if the condition of transforming it into an absolutely rigid body is imposed on it. 

 

Questions and comments: 

 

1.1.1. Models of objects in the mechanics, the force ï the magnitude of the mechan-

ical interaction of bodies, the types of forces. 

1.1.2. The system of forces. The resultant of system of the forces. 

1.1.3. Equivalent system of the forces. 

1.1.4. Balanced system of the forces. 

1.1.5. Axiom on the balance of the system of forces. 

1.1.6. Axiom on the property of force as a vector sliding along the line of it action. 

1.1.7. Axiom on vector addition of forces according to the parallelogram rule. 

1.1.8. The magnitude of the resultant considering the angle between the lines of 

acting forces. 
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1.1.9. Axiom on the equality of action and reaction forces (the Newton's third law 

of the mechanics). 

1.1.10. Mechanical equilibrium of a deformable body and the condition of it çso-

lidificationè. 

 

1.2. Finding force vector projections 

 

The geometric conditions for finding projections of the force vector. 

1. Determination of force vector projections when the force vector and axis belong 

to the same plane (Fig. 1.2.1). 

 

 

Fig. 1.2.1 

 

The projection of the force vector onto the axis corresponds to the difference be-

tween the coordinates of its end and beginning: Ὂ ὼ ὼ, Ὂ π if ὼ ὼ, 

Ὂ π if ὼ ὼ and Ὂ π if ὼ ὼ. 

The triangle ὃὄὅ is right angled, its leg is equal to: ὃὅ Ὂ, Ὂ Ὂ ÃÏÓ‌, 

Ὂ π if π ‌ ωπ, Ὂ π if ωπ ‌ ρψπ  and Ὂ π if ‌ ωπ. 

An example of determining the projections of forces on a plane (Fig. 1.2.2): 

Ὂ Ὂ ÃÏÓ‌, Ὂ Ὂ, Ὂ Ὂ ÃÏÓ‍, 

Ὂ Ὂ ÃÏÓ•, Ὂ Ὂ, Ὂ Ὂ  

 

 

Fig. 1.2.2 
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2. Determination of projections of the force vector on the axes of the Cartesian 

coordinate system when the force vector does not belong to any of the coordinate planes. 

Decomposition of the force vector into projections: Ὂᴆ Ὂᴆ Ὂᴆ Ὂᴆ 

and Ὂᴆ Ὂ ᴆ Ὂ ᴆ Ὂ Ὧᴆ. 

The modulus of each projection of force onto the axis (Fig. 1.2.3) is determined as: 

Ὂ Ὂ ÃÏÓ‌, Ὂ Ὂ ÃÏÓ‍ and Ὂ Ὂ ÃÏÓ‎, where ‌, ‍ and ‎ ï the angles be-

tween the force vector and coordinate axes πὢὣὤ. 

 

 

Fig. 1.2.3 

 

Of the three angles between the force vector and the coordinate axes, only two are 

independent, because: Ὂ Ὂ Ὂ Ὂ , then ÃÏÓ‌ ÃÏÓ‍ ÃÏÓ‎ ρ, therefore 

it is convenient to use double projection (two vector angles, Fig. 1.2.4), for example, such: 

• ï the angle between the vector and one of the coordinate planes, for example: ὢπὣ, ‪ 

ï the angle between the projection of force in this plane and one of the axes, for example: 

πὢ. 

 

 

Fig. 1.2.4 
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With double projection of the force on the axes, taking into account the two inde-

pendent vector angles used: • and ‪, the resultant and projections are determined as: 

 Ὂᴆ Ὂᴆ Ὂᴆ, Ὂ Ὂ ÃÏÓ•, Ὂ Ὂ ÃÏÓ‪, Ὂ Ὂ ÓÉÎ‪, 

 Ὂ Ὂ ÃÏÓ• ÃÏÓ‪, Ὂ Ὂ ÃÏÓ• ÓÉÎ‪ and Ὂ Ὂ ÓÉÎ•. 

The examples of determining the projections of forces on an axes (Fig. 1.2.5) are: 

Ὂ Ὂ, Ὂ π and Ὂ π  

Ὂ π, Ὂ Ὂ ÃÏÓ‌ and Ὂ Ὂ ÓÉÎ‌  

Ὂ Ὂ ÃÏÓ‍ ÃÏÓ‎, Ὂ Ὂ ÃÏÓ‍ ÓÉÎ‎ and Ὂ Ὂ ÓÉÎ‍ 

 

 

Fig. 1.2.5 

 

Questions and comments: 

 

1.2.1. Finding the projection of the force vector onto an axis, when the force vector 

and the axis belong to the same plane. 

1.2.2. Determination of projections of the force vector on the axes of the Cartesian 

coordinate system, when the force vector does not belong to any of the coordinate planes. 

1.2.3. Using double projection and independent force vector direction angles in a 

Cartesian coordinate system. 

 

1.3. Vector of the moment of force relative to a point,  

magnitude of the moment of force relative to the axis 

 

The ability to determine the moment of force relative to a point or relative to an axis 

(Fig. 1.3.1) is necessary to draw up the balance equation. The algebraic moment ὓ Ὂᴆ 

of a force relative to point π is equal to the product of the modulus of force by the arm Ὤ, 
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taken with the çplusè sign, if the force Ὂᴆ tends to rotate the body relative to the moment 

point π counterclockwise (in another case ï with the çminusè sign): ὓ Ὂᴆ Ὂ Ὤ. 

The magnitude of the moment, which is: ὓᴆ Ὂ Ὤ corresponds to two areas 

of a triangle πὃὄ (Fig. 1.3.1). 

 

 

Fig. 1.3.1 

 

The arm Ὤ of the force Ὂᴆ is the shortest distance from the moment point (pole) π to 

the line of action of the force. The vector of moment ὓᴆ of the force Ὂᴆ relative to the point 

π is equal to the product of the radius ὶᴆ by the force vector Ὂᴆ : ὓᴆ ὶᴆ Ὂᴆ , the magnitude 

of the moment is: ȿὓȿ ȿὊȿϽȿὶȿϽÓÉÎ• ȿὊȿϽὬ. 

The vector of moment ὓᴆ is applied at pole π and is directed perpendicular to the 

plane in which they lie: the force Ὂᴆ and the point π, so that, looking towards the vector, 

one can see the tendency of the force to rotate the body counterclockwise (Fig. 1.3.2).  

 

 

Fig. 1.3.2 

 

The determination of the vector of moment relative to a point through the projec-

tion of forces is shown on the vector diagram (Fig. 1.3.3): ὓᴆ ὓȟὓ ȟὓ , 

ὓᴆ ὶᴆ Ὂᴆ
ᴆ ᴆ Ὧᴆ

ὼ ώ ᾀ
 Ὂ  Ὂ  Ὂ

ᴆ ώ Ὂ ᴆ ᾀ Ὂ Ὧᴆ ὼ Ὂ   

ᴆ ᾀ Ὂ ᴆ ὼ Ὂ Ὧᴆ ώ Ὂ ᴆ ὓ ᴆ ὓ Ὧᴆ ὓ  , 

ὓ  ώ Ὂ  ᾀ Ὂ, ὓ  ᾀ Ὂ ὼ Ὂ ÁÎÄ ὓ ὼ Ὂ ώ Ὂ. 
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Fig. 1.3.3 

 

When solving spatial issues, the moment equations are used, including sums of mo-

ments of forces about the axes. The moment of the force relative to an axis is the algebraic 

moment of the projection of this force onto a plane perpendicular to the axis, relative to 

the point of intersection of the axis with this plane. The moment of the force relative to 

the axis depends on the projection of the force onto the plane perpendicular to the Ὂᴆ, axis, 

which is illustrated by the diagram (Fig. 1.3.4). The moment is considered positive if, 

looking towards the axis, the tendency of the projection of the force to rotate the body 

counterclockwise is visible, and negative, if the tendency of the projection of the force is 

visible to rotate the body clockwise: ὓ Ὂᴆ Ὂ Ὤ , ὓ Ὂᴆ π. 

 

 

Fig. 1.3.4 

 

The moment of the force ὗᴆ relative to the πὤ axis is zero if the line of action of the 

force intersects the axis or is parallel to the axis, i.e. in variants of the direction of the force 

(ὖᴆ ÁÎÄ ὗᴆ), indicated in the diagram (Fig. 1.3.5). 
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Fig. 1.3.5 

 

In the first case, the line of action of the projection of the force ὗᴆ passes through 

the point of intersection of the axis with the plane perpendicular to it. In the second case, 

the projection of the force ὖᴆ onto this plane is equal to zero.  

The correlation of the moment of force relative to an axis and the moment of the 

force relative to a point on this axis (Fig. 1.3.6): ὓᴆȾὓᴆ ὬȾὬ ρȾÃÏÓ•. 

 

 

Fig. 1.3.6 

 

The moment of the force relative to the axes (Fig. 1.3.7) is determined as follows: 

ὓ Ὂᴆ π, ὓ Ὂᴆ Ὂ ὧ and ὓ Ὂᴆ Ὂ ὦ 

ὓ Ὂᴆ Ὂ ÓÉÎ‌ ὦ, ὓ Ὂᴆ Ὂ ÓÉÎ‌ ὥ and ὓ Ὂᴆ Ὂ ÃÏÓ‌ ὥ 

ὓ Ὂᴆ Ὂ ÃÏÓ‍ ÓÉÎ‎ ὧ, ὓ Ὂᴆ π and ὓ Ὂᴆ Ὂ ÃÏÓ‍ ÓÉÎ‎ ὥ 
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Fig. 1.3.7 

 

Questions and comments: 

 

1.3.1. Algebraic moment of the force relative to a point. The arm of moment of the 

force relative to the point (pole). 

1.3.2. The vector of moment of the force relative to the point. Direction of the vector 

of moment of force. 

1.3.3. Determination of the vector of moment of the force relative to a point using 

the force projections. 

1.3.4. Moment of the force relative to the axis. The dependence of the moment rel-

ative to the axis on the direction of the line of action of force relative to the axis. 

 

1.4. Vector transformation of a system of forces  

acting on a mechanical system 

 

The transformation of the spatial system of forces. In the general case, an arbitrary 

spatial system of forces is reduced to a force equal to the main vector (the resultant) Ὑᴆ, 

and to pair of forces, the vector of moment of which is equal to the main moment ὓᴆ. 

The system of forces can be simplified depending on the magnitudes of the vectors 

and on their mutual direction, i.e. on angle ‌ between the vectors, in particular cases. 

The particular case 1. Reducing a spatial system of forces to a pair of forces. 

If Ὑᴆ π and ὓᴆ π, then the system of forces is reduced to one pair of forces, and 

the main moment of forces in this case does not depend on the choice of the center of 

reduction. 
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The particular case 2. Bringing the spatial system of forces to the resultant. 

If Ὑᴆ π and ὓᴆ π, then the system of forces is reduced to the resultant force Ὑᴆz, 

equal in magnitude and direction to the main vector Ὑᴆz Ὑᴆ. The line of action of the 

resultant wherein passes through the center of reduction of the system of forces. 

If Ὑᴆ π, ὓᴆ π and ‌ ωπ, that is if the main vector and the main moment are 

mutually perpendicular, then the system of forces is also reduced to the resultant force Ὑᴆz, 

equal in magnitude and direction to the main vector: Ὑᴆz Ὑᴆ. 

The particular case 3. Reduction of a system of forces lying on a plane. 

Need to determine the point π of the application of resultant Ὑᴆz (Fig. 1.4.1). 

 

 

Fig. 1.4.1 

 

The vector of moment ὓᴆ of the resultant Ὑᴆz can be represented as an equivalent 

pair ὙᴆȟὙᴆz , located in the plane ὖ, perpendicular to the torque vector ὓᴆ. Wherein the 

leverage of a couple of forces is equal to: Ὠ ὓȾὙ. 

If the force Ὑᴂᴆ and one Ὑᴆ, applied to point π, lie on the same straight line and act in 

opposite directions. These two forces (Ὑᴂᴆ and Ὑᴆ) make up the balanced system. 

The remaining force Ὑᴆz and is the resultant for a given system. Point of the appli-

cation of the resultant π. 

The particular case 4. The spatial system of forces is a dynamic screw (dynamo), 

when the resultant vector is parallel to the moment vector. 

If the force and the moment are not zero: Ὑᴆ π and ὓᴆ π and these vectors are 

parallel to each other, then such a system is called the dynamic screw or dynamo, and the 

straight line, along which the vector Ὑᴆ is directed, is denominated the axis of the screw. 

In other words, in the particular case under consideration, the system of forces is 

reduced to a force and a pair, the plane of action of which is perpendicular to the vector of 

the force (Fig. 1.4.2). Further simplification of such a system of forces is impossible. 
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Fig. 1.4.2 

 

If one takes any point as the reduction center, for example, the point ὅ, then the free 

moment vector ὓᴆ one can transfer to the point. When transferring of the force Ὑᴆ to the 

point ὅ another pair with the moment ὓᴂᴆὙᴆ perpendicular to the vector of the force Ὑᴆ 

will be added, and, therefore, perpendicular to the vector of moment ὓᴆ. 

As a result, the moment of the resulting pair is equal to: ὓᴆ ὓᴆ ὓᴂᴆ and the 

magnitude of the resulting moment ὓᴆ is greater than the set moment ὓᴆ. Thus, the set 

moment ὓᴆ of the resulting pair relative to the center π has a minimum value. 

The particular case 5. The reduction of a spatial system of forces to the dynamic 

screw. If the force and moment are not zero: Ὑᴆ π, ὓᴆ π and these vectors are not 

perpendicular and not parallel to each other, then such a system can be reduced to the 

dynamic screw (Fig. 1.4.3). But the axis of the dynamic screw wherein does not pass 

through the center of the application of the force Ὑᴆ. 

 

 

Fig. 1.4.3 

 

At the center of reduction, that is at the point π the main vector of force Ὑᴆ and the 

main moment ὓᴆ are applied, directed at an angle ‌ to each other. 
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One can draw thd plane ὖ through the vector of force Ὑᴆ, perpendicular to the plane 

in which the vectors are of the force Ὑᴆ and the moment ὓᴆ. 

Let one decompose the moment vector ὓᴆ into two mutually perpendicular vectors 

ὓᴆ  and ὓᴆ , so that vector ὓᴆ  coincides in direction with the main vector of the force 

Ὑᴆ, then the values of the vector ὓᴆ  and ὓᴆ  are: ὓ ὓ ÃÏÓ‌ 

and ὓ ὓ ÓÉÎ‌.   

Vectors of the force Ὑᴆ and the moment ὓ  are mutually perpendicular and can be 

reduced to the same force: Ὑᴆ Ὑᴆ. For this transformation of vectors one has to replace 

(Fig. 1.4.4) the vector of moment ὓᴆ  with pair of forces ὙᴂᴆȟὙᴆ, whose leverage is equal 

to: Ὠ ὓ ȾὙ. 

 

 

Fig. 1.4.4 

 

To transform one needs to rotate the force pair ὙᴂᴆȟὙᴆ in the plane ὖ so that vector 

of the force Ὑᴂᴆ is opposite to vector of the force Ὑᴆ. 

Considering the equality of force vectors accepted in the presumptions for transfor-

mations: Ὑ Ὑᴂ Ὑ, the forces Ὑᴂᴆ and Ὑᴆ are mutually balanced at the point π. 

The force Ὑᴆ turns out to be applied at the point π at a distance Ὠ from the point π. 

If the free vector ὓᴆ  is transferred parallel to itself to the point π, then a pair will 

be found ï the force and moment Ὑᴆȟὓᴆ  equivalent to the given ones: force and mo-

ment Ὑᴆ ȟὓᴆ . So, the result of the reduction is a dynamic screw (torsion). 

Thus, the following general options for transforming the spatial system of forces to 

the simplest form are possible: 

1. If Ὑᴆ π, ὓᴆ π, then the system of forces is reduced to one pair of forces, and 

the main moment in this case does not depend on the choice of the center of the system 

reduction. 

2. If Ὑᴆ π and ὓᴆ π, then the system of forces is reduced to the resultant force 

Ὑᴆz equal in magnitude and direction to the main vector Ὑᴆz Ὑᴆ. The line of action of the 

resultant force wherein passes through the center of the system reduction. 
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3. If Ὑᴆ π, ὓᴆ π and ‌ ωπ, that is if the main vector and the main moment 

are mutually perpendicular, then the system of forces is also reduced to the resultant force 

Ὑᴆz equal in magnitude and direction to the main vector Ὑᴆz Ὑᴆ. 

4. If Ὑᴆ π, ὓᴆ π and these vectors are parallel to each other, then such a system 

is a dynamic screw. In this case, the system is reduced to a force and a couple, the plane 

of action of which is perpendicular to the force vector. Further simplification of such a 

system of forces is impossible. 

5. If Ὑᴆ π, ὓᴆ π and these vectors are not perpendicular and not parallel to each 

other, then such a system is also reduced to a dynamic screw. But the axis of the screw in 

this case does not pass through the point of the application of the force Ὑᴆ.  

Exercise 1. The assigned system, consisting of three forces: Ὂᴆ, Ὂᴆ and Ὂᴆ, bring to 

the center at the point π, the data indicated in the Table 1.4.1 and on the diagram (Fig. 

1.4.5). 

Table 1.4.1 

Ὂ, kN Ὂ, kN Ὂ, kN ὥ, m ὦ, m ὧ, m Ὠ, m 

4 3 6 3 4 6 5 

 

 

Fig. 1.4.5 

 

The main vector Ὑᴆ of the force system has the form: 

Ὑᴆ Ὑ ᴆ Ὑ ᴆ Ὑ Ὧᴆ. 

To determine the projections of the main force vector Ὑᴆ on the axis, it is necessary 

to determine the values of the trigonometric functions of the angles: 

ÃÏÓ‌ πȢφ, ÓÉÎ‌ πȢψ, ÃÏÓ‎ πȢχπχ and ÓÉÎ‎ πȢχπχ. 

The projections of the main vector of forces Ὑᴆ on the coordinate axes are: 
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Ὑ Ὂ ÃÏÓ‌ Ὂ ÃÏÓ‎ ÃÏÓ‌ σ πȢφ φ πȢχπχπȢφ πȢχτυ, kN, 

Ὑ Ὂ ÓÉÎ‌ Ὂ ÃÏÓ‎ ÓÉÎ‌ σ πȢψ φ πȢχπχπȢψ πȢωωτ, kN, 

Ὑ Ὂ Ὂ ÓÉÎ‎ τ φ πȢχπχ πȢςτςτ, kN. 

Main force vector Ὑᴆ magnitude is: 

Ὑ Ὑ Ὑ Ὑ πȢχτυ πȢωωτ πȢςτςτ ρȢςφφ, kN. 

Direction cosines of the main vector Ὑᴆ are: 

ÃÏÓὙᴆȟᴆ
Ȣ

Ȣ
πȢυψψ , ÃÏÓὙᴆȟᴆ

Ȣ

Ȣ
πȢχψυ  

and ÃÏÓὙᴆȟὯᴆ
Ȣ

Ȣ
πȢρωρ. 

The main moment has the form (Fig. 1.4.6): 

ὓᴆ ὓ ᴆ ὓ ᴆ ὓ Ὧᴆ. 

 

 

Fig. 1.4.6 

 

The projections of main moment ὓᴆ on the coordinate axes are: 

ὓ Ὂ ὦ Ὂ ÓÉÎ‌ ὧ Ὂ ÓÉÎ‎ ὦ  

τ τ σ πȢψ φ φ πȢχπχτ ρσȢτσς, kNĬm, 

ὓ Ὂ ὥ Ὂ ÃÏÓ‌ ὧ τ σ σ πȢφ φ ρȢς, kNĬm, 

ὓ Ὂ ÓÉÎ‌ ὥ Ὂ ÃÏÓ‎ ÃÏÓ‌ ὦ  

σ πȢψ σ φ πȢχπχπȢφ τ ςȢωψρ, kNĬm. 

The magnitude of the main moment ὓ  is: 

ὓ ὓ ὓ ὓ ρσȢτσς ρȢς ςȢωψρ ρσȢψρρ, kNĬm. 

Direction cosines of the main moment ὓ  are: 

ÃÏÓὓᴆȟᴆ
Ȣ

Ȣ
πȢωχσ, ÃÏÓὓᴆȟᴆ

Ȣ

Ȣ
πȢπψχ  

and ÃÏÓὓᴆȟὯᴆ
Ȣ

Ȣ
πȢςρφ. 
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Exercise 2. The assigned system, consisting of three forces: Ὂᴆ, Ὂᴆ and Ὂᴆ, bring to 

the center at the point π, the data indicated in the Table 1.4.2 and on the diagram (Fig. 

1.4.7). 

                                                                                                       Table 1.4.2 

Ὂ, kN Ὂ, kN Ὂ, kN ὥ, m ὦ, m ὧ, m 

3 5 2 3 4 3 

 

 

Fig. 1.4.7 

 

Values of trigonometric functions of the angles of projections of the main vector of 

forces Ὑᴆ on the axes: ÃÏÓ‌ πȢχπχ, ÓÉÎ‌ πȢχπχ, ÃÏÓ‍ πȢψ, ÓÉÎ‍ πȢφ, ÃÏÓ‎

πȢψυχ and ÓÉÎ‎ πȢυρτ. 

The projections of the main vector of forces Ὑᴆ on the coordinate axes are: 

Ὑ Ὂ ÃÏÓ‌ Ὂ ÃÏÓ‎ ÓÉÎ‍ υ πȢχπχς πȢψυχπȢφ ςȢυπχ, kN, 

Ὑ Ὂ Ὂ ÃÏÓ‎  ÃÏÓ‍ σ ς πȢψυχπȢψ ρȢφςω, kN, 

Ὑ Ὂ ÓÉÎ‌ Ὂ ÓÉÎ‎ υ πȢχπχς πȢυρτ ςȢυπχ, kN. 

Main force vector Ὑᴆ magnitude is: 

Ὑ Ὑ Ὑ Ὑ ςȢυπχρȢφςω ςȢυπχ σȢωπς, kN. 

Direction cosines of the main vector Ὑᴆ are: 

ÃÏÓὙᴆȟᴆ
Ȣ

Ȣ
πȢφτς , ÃÏÓὙᴆȟᴆ

Ȣ

Ȣ
πȢτρχ 

and ÃÏÓὙᴆȟὯᴆ
Ȣ

Ȣ
πȢφτς. 

The projections of the main moment ὓᴆ of forces on the coordinate axis are:  

ὓ Ὂ ÓÉÎ‌ ὦ Ὂ ÓÉÎ‎ ὦ  

υ πȢχπχτ ς πȢυρττ ρπȢπςψ, kNĬm, 

ὓ Ὂ ÃÏÓ‌ ὧ Ὂ ÓÉÎ‎ ὥ υ πȢχπχσ ς πȢυρτσ  

χȢυςρ, kNĬm, 

ὓ Ὂ ὥ Ὂ ÃÏÓ‌ ὦ σ σ υ πȢχπχτ υȢρτ, kNĬm. 
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The magnitude of the main moment ὓ  is: 

ὓ ὓ ὓ ὓ ρπȢπςψ χȢυςρ υȢρτ ρσȢυτψ, kNĬm. 

Direction cosines of the main moment ὓ  are: 

ÃÏÓὓᴆȟᴆ
Ȣ

Ȣ
πȢχτπ, ÃÏÓὓᴆȟᴆ

Ȣ

Ȣ
πȢυυυ  

and ÃÏÓὓᴆȟὯᴆ
Ȣ

Ȣ
πȢσχω. 

Exercise 3. The assigned system, consisting of three forces: Ὂᴆ, Ὂᴆ ÁÎÄ Ὂᴆ, bring to 

center at the point π, the data indicated in the Table 1.4.3 and on the diagram (Fig. 1.4.8). 

                                                                                                        Table 1.4.3 

Ὂ, kN Ὂ, kN Ὂ, kN ὥ, m ὦ, m ὧ, m 

5 5 υ Ѝς 6 10 8 

 

 

Fig. 1.4.8 

 

Values of trigonometric functions of the angles of projections of the main vector of 

forces Ὑᴆ on the axis are: ÃÏÓ‌ πȢφ, ÓÉÎ‌ πȢψ, ÃÏÓ‎ πȢχπχ and ÓÉÎ‎ πȢχπχ. 

Projections of the main vector of forces Ὑᴆ on the coordinate axes: 

Ὑ Ὂ ÃÏÓ‌ Ὂ ÃÏÓ‎ ÃÏÓ‌ υ πȢφ υ Ѝς πȢχπχπȢφ π, 

Ὑ Ὂ Ὂ ÓÉÎ‎ υ υ Ѝς πȢχπχπ, 

Ὑ Ὂ ÓÉÎ‌ Ὂ ÃÏÓ‎ ÓÉÎ‌ υ πȢψ υ Ѝς πȢχπχπȢψ π . 

Main force vector module Ὑᴆ is: Ὑ Ὑ Ὑ Ὑ π. 

Projections of the main moment of forces ὓᴆ on the coordinate axes are: 

ὓ Ὂ ὧ Ὂ ÓÉÎ‌ ὦ υ ψ υ πȢψ ρπ π, 

ὓ Ὂ ÃÏÓ‌ ὧ Ὂ ÃÏÓ‌ ÓÉÎ‎ ὥ   

υ πȢφ ψ υ Ѝς πȢχπχπȢψ φ π, 

ὓ Ὂ ὥ Ὂ ÃÏÓ‌ ὦ Ὂ ÓÉÎ‎ ὥ υ φ υ πȢφ ρπ 

υ Ѝς πȢχπχφ σπ, kNĬm. 
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The magnitude of the main moment is: ὓ σπ kNĬm. 

 

Questions and comments: 

 

1.4.1. Conversion of the spatial force system to a principal vector and force pair. 

1.4.2. Reduction of the spatial force system to a force pair if the main vector is zero. 

1.4.3. Reducing the spatial force system to a resultant if the moment is zero. 

1.4.4. Reduction of the forces system lying on the plane. 

1.4.5. The determining of dynamic screw (the torsion). 

1.4.6. Reducing the spatial force system to a dynamic screw. 

 

1.5. The action of a pair of forces and the transformation 

of a pair of forces to the moment 

 

The pair of forces (Fig. 1.5.1) is the system of two equal in magnitude, parallel and 

directed in opposite directions forces acting on an absolutely rigid body: Ὂ Ὂ. 

 

 

Fig. 1.5.1 

 

A pair of forces is characterized by a plane of action, then is the plane in which the 

forces of this pair are located and applied. A pair of forces has no resultant. 

The lines of action of the forces in the pair are parallel, and the magnitudes of the 

forces in the pair are equal: Ὂ Ὂ Ὂ. The arm of a pair of forces is the shortest dis-

tance Ὠ between the lines of action of the forces of this pair. 

The algebraic moment is the product of the force Ὂ by the arm Ὠ of forces pair (the 

shortest distance between the lines of action of forces in a pair, Fig. 1.5.2): 

ὓ ὊᴆȟὊᴆ Ὂ Ὠ. 

 



25 
 

 

Fig. 1.5.2 

 

It is adopted that the algebraic moment ὓ ὊᴆȟὊᴆ  is considered positive (from the 

observerôs side) if a pair of forces tends to rotate the body counterclockwise, and negative 

if a pair of forces tends to rotate the body clockwise. 

The algebraic moment of a pair of forces ὓ ὊᴆȟὊᴆ  magnitude is equal to the area 

of the parallelogram ὃὅὄὈ (Fig. 1.5.3). 

 

 

Fig. 1.5.3 

 

Theorem on the equivalence of two pairs of forces located in the same plane. Two 

pairs of forces are denominated equivalent if their action on a solid surface is the same, 

other things being equal. 

A pair of forces ὊᴆȟὊᴆ , acting on a rigid body can be replaced with another one 

pair of forces ὊᴆȟὊᴆ , located in the same plane of action (Fig. 1.5.3) and having the same 

algebraic moment: ὓ ὊᴆȟὊᴆ Ὂ Ὠ  ὓ ὊᴆȟὊᴆ  . 

Conclusions. A pair of forces ὊᴆȟὊᴆ  can be rotated as a rigid figure and transferred 

in any way in the plane of its action. For the pair of forces one can simultaneously change 

the arm Ὠ and the forces: Ὂᴆ and Ὂᴆ, keeping wherein the algebraic moment ὓ ὊᴆȟὊᴆ  and 

the plane of action. 

Theorem on the transfer of a pair of forces into a parallel plane. A pair of forces 

ὊᴆȟὊᴆ , acting in the plane, is given ὖ (Fig. 1.5.4). If add two more of the force system 

equivalent to zero in the parallel plane ὖ: ὊᴆȟὊᴆ πͯ and ὊᴆȟὊᴆ πͯ, because:                     

Ὂᴆ Ὂᴆ, Ὂᴆ Ὂᴆ, then: ὊᴆȟὊᴆȟὊᴆȟὊᴆȟὊᴆȟὊᴆ ὊᴆȟὊᴆ . 
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Fig. 1.5.4 

 

One can replace the forces: Ὂᴆ and Ὂᴆ by their resultant: Ὑᴆ Ὂᴆ Ὂᴆ. 

Likewise, the forces: Ὂᴆ and Ὂᴆ one can replace by the resultant: Ὑᴂᴆ Ὂᴆ Ὂᴆ. 

But these resultant forces: Ὑᴆ and Ὑᴂᴆ are equal in magnitude and opposite in direc-

tion: Ὑᴆ Ὑᴂᴆ, that is: ὙᴆȟὙᴂᴆ πͯ. 

After discarding the indicated pair of forces: ὙᴆȟὙᴂᴆ πͯ one can obtain a system of 

two forces ὊᴆȟὊᴆ , which is with pair of forces and is obtained from the original system 

by the equivalent transformations, therefore, the force systems are equivalent:  

ὊᴆȟὊᴆͯὊᴆȟὊᴆ . 

 The vector of moment of a pair of forces is the vector, numerically equal to the 

product of the force by the arm of the pair of forces. The vector of moment (Fig. 1.5.5) is 

directed perpendicular to the plane of action of the pair of forces so that, looking towards 

the vector, one can see the desire of the pair of forces to rotate the body counterclockwise. 

The vector of moment can be applied at any point on the body affected by the pair of 

forces. The vector of moment acting on a rigid body is a free vector and can be transferred 

to any point of the body. 

 

 

Fig. 1.5.5 
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The vector of moment of a pair of forces one can find by the product of vectors: of 

the force (Ὂᴆ or Ὂᴆ) and the vector connecting the points of application of the forces (ὃὄᴆ 

or ὄὃᴆ) as: ὓᴆ ὃὄᴆ Ὂᴆ ὄὃᴆ Ὂᴆ. 

The magnitude of the vector moment of pair of forces is equal to: 

ὃὄᴆ Ὂᴆ ὃὄϽὊϽÓÉÎ‌ ὊϽὨ. 

The magnitude of the vector moment is equal to the algebraic moment: 

ὓ ὊᴆȟὊᴆ Ὂ Ὠ Ὂ Ὠ. 

Theorem on the sum of moments of a pair of forces. 

The sum of vector moments of forces in the pairs relative to any point does not 

depend on the choice of point and is equal to the vector moment of this pair of forces:  

ὓᴆὊᴆ ὓᴆὊᴆ ὶᴆ Ὂᴆ ὶᴆ Ὂᴆ ὶᴆ ὶᴆ Ὂᴆ, considering that the forces in 

the pair are opposite and equal in magnitude: Ὂᴆ Ὂᴆ, and vector between the points of 

the application of forces is equal to the difference between vectors: ὶᴆ ὶᴆ ὃὄᴆ wherein 

the point π of application of the moment ὓᴆ is free (Fig. 1.5.6). 

 

 

Fig. 1.5.6 

 

Therefore, the sum of vector moments from each of the forces in the pair: Ὂᴆ ÁÎÄ Ὂᴆ 

is equal to the vector product of one of these forces by vector ὃὄᴆ, connecting the points 

of the application of the forces: ὓᴆὊᴆ ὓᴆὊᴆ ὃὄᴆ Ὂᴆ, which coincides with the 

vector moment of a pair of forces ὓᴆ: ὓᴆὊᴆ ὓᴆὊᴆ ὓᴆ, wherein relative to points 

ὃ ÁÎÄ ὄ moments of forces: ὓᴆὊᴆ ÁÎÄ ὓᴆὊᴆ  are equal: ὓᴆὊᴆ ὓᴆὊᴆ ὓᴆ. 

Consequently, the vector of moment of a pair of forces is equal to the vector mo-

ment of one of the forces in this pair relative to the point of the application of the other 

force in the pair. 

The addition of force pairs. Two pairs of forces acting on the same body and then 

lying in intersecting planes, one can replace by one equivalent pair of forces, the vector of 

moment of which is equal to the sum of vector moments of given pairs of forces. 

One can consider two pairs of forces: ὊᴆȟὊᴆ and ὊᴆȟὊᴆ , lying in intersecting 

planes (Fig. 1.5.7). 
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Fig. 1.5.7 

 

One can add up the forces, applied in points ὃ and ὄ, and find two resultant forces: 

Ὑᴆ Ὂᴆ Ὂᴆ and Ὑᴆᴂ Ὂᴆ Ὂᴆ. 

Resultant forces obtained: Ὑᴆ and Ὑᴆᴂ are also the form of pair: Ὑᴆ Ὑᴆᴂ. 

The vector of moment ὓᴆ of this pair of resultant forces ὙᴆȟὙᴆ  is equal to: 

ὓᴆ ὄὃᴆ Ὑᴆ ὄὃᴆ Ὂᴆ Ὂᴆ ὄὃᴆ Ὂᴆ ὄὃᴆ Ὂᴆ. 

As a result, one can determine the vector of moment of a pair of resultant forces as 

the sum of the vector moments of pairs of given forces: 

ὓᴆ ὄὃᴆ Ὂᴆ, ὓᴆ ὄὃᴆ Ὂᴆ and ὓᴆ ὓᴆ ὓᴆ. 

That is, the vector of moment of an equivalent pair of forces is equal to the sum of 

the vector moments of the given pairs of forces. 

The balance conditions for pairs of forces. For equilibrium of pairs of forces acting 

on a rigid body, it is necessary and sufficient that the modulus of the vector moment of 

the equivalent pair of forces be equal to zero: ὓᴆ π, or so that the vector polygon created 

on the vector moments of the given pairs of forces is closed. 

In scalar form, the equilibrium condition has the form: ὓ ὓ ὓ ὓ π, 

where ὓ , ὓ  and ὓ  ï the algebraic sums of projections onto the corresponding axes of 

vector moments of force pairs. 

From the above condition of the balance of pairs of forces acting on a solid body, 

three equations of equilibrium of a system of pairs of forces in space follow in scalar form: 

ὓ В ὓ , ὓ В ὓ  and ὓ В ὓ . 

Thus, for the equilibrium of pairs of forces applied to a solid body it is necessary 

and sufficient that the sum of the projections of the vector moments of the pairs of forces 

on each of the three coordinate axes (πὢὣὤ) will be equal to zero. 

For equilibrium of pairs of forces acting on a rigid body in one plane it is necessary 

and sufficient that the sum of the scalar moments of these pairs of forces be equal to zero. 



29 
 

Questions and comments: 

 

1.5.1. Force couple concept. 

1.5.2. Algebraic moment of a pair of forces, its magnitude and direction. 

1.5.3. Theorem on the equivalence of two pairs of forces located in the same plane. 

1.5.4. Theorem on the transfer of a pair of forces into a parallel plane. 

1.5.5. Vector moment of a couple of forces. 

1.5.6. Theorem on the sum of moments of a pair of forces. 

1.5.7. The addition of forces pairs. 

1.5.8. Conditions for equilibrium of pairs of forces. 

 

1.6. Equilibrium of a plane system of forces and forms of balance equations 

 

The first (basic) form of the balance equations of an arbitrary plane force system. 

For the balance of a plane force system acting on a solid body, it is necessary and sufficient 

that the sum of the projections of these forces on each of the two rectilinear coordinate 

axes located in the plane of their action be equal to zero, and the sum of the scalar moments 

of forces relative to any point ὃ, located in the plane of action of forces was also equal to 

zero, that is: ВὊ π, ВὊ π and Вὓ Ὂᴆ π. 

The second form of the equations of the balance of an arbitrary plane force system. 

For the balance of a flat force system applied to a solid body, it is necessary and sufficient 

that the sum of the scalar moments of the forces of the system relative to any three points: 

ὃ, ὄ and ὅ, located in the plane of action of the forces and not lying on the same straight 

line, is equal to zero, that is: Вὓ Ὂᴆ π, Вὓ Ὂᴆ π and Вὓ Ὂᴆ π. 

The third form of the equations of the balance of an arbitrary flat force system. For 

the balance of a plane force system applied to a solid body, it is necessary and sufficient 

that the sums of scalar moments of forces relative to any two points lying in the plane of 

action of the forces are equal to zero and the sum of the projections of these forces onto 

any axis of the plane that is not perpendicular to the straight line passing through two 

moment points was also equal to zero, that is: Вὓ Ὂᴆ π, Вὓ Ὂᴆ π  

and ВὊ π. 

Exercise 1. Determine reactions in embedding ὢ, ὣ and ὓ  (Fig. 1.6.1). 

Data: Ὂ υ kN, ή ς kN/m, ὓ ω kNĬm, ‌ τυ, ὥ ψ m, ὦ τ m 

and ὧ φ m. 

One can replace the distributed load ή with the concentrated force ὗ and apply it in 

the middle of the loaded area: ὗ ή ὦ ς τ ψ, kN. 

 



30 
 

 

Fig. 1.6.1 

 

One would use the first (basic) form of the balance equations of the arbitrary flat 

force system: 

ВὊ π, ὢ Ὂ ÃÏÓ‌ ὗ π, 

ὢ Ὂ ÃÏÓ‌ ὗ υ ÃÏÓτυ ψ τȢτφ, kN, 

ВὊ π, ὣ Ὂ ÓÉÎ‌ π and ὣ Ὂ ÓÉÎ‌ υ ÓÉÎτυ σȢυτ, kN, 

Вὓ Ὂᴆ π, ὓ ὓ ὗ Ὂ ÓÉÎ‌ ὧ Ὂ ÃÏÓ‌ ὦ π, 

ὓ ὓ ὗ Ὂ ÓÉÎ‌ ὧ Ὂ ÃÏÓ‌ ὦ, 

ὓ ω ψ υ ÓÉÎτυ φ υ ÃÏÓτυ τ ρτȢπχ, kNĬm, 

ὢ τȢτφ kN, ὣ σȢυτ kN and ὓ ρτȢπχ kNĬm. 

The verification: 

Вὓ Ὂᴆ ὓ ὓ ὢ ὣ ὧ Ὂ ÃÏÓ‌   

ρτȢπχ ω τȢτφ σȢυτφ υ ÃÏÓτυ πȢπς π. 

Exercise 2. Determine the reactions of the frame supports ὢ, ὣ and Ὑ               (Fig. 

1.6.2). Data: Ὂ σ kN, ή ρ kN/m, ὓ τ kNĬm, ὥ φ m, ὦ ψ m. 

One can replace distributed load with concentrated force:  

ὗ ή ὥ ρ φ φ, kN. 

Geometric dimensions and frame elements: ÓÉÎ‌ πȢφ, ÃÏÓ‌ πȢψ, 

ὄὈ ρπ m, ὃὉ ρπȢυ m and ὌὉ ρςȢυ m. 

Equations of the balance of an arbitrary flat force system (second form): 

Вὓ Ὂᴆ π, 

ὓ ὗ  Ὑ ÓÉÎ‌ ὥ ὦ Ὂ ÓÉÎ‌ Ὂ ÃÏÓ‌ ὥ π, 

Ὑ
ρ

ÓÉÎ‌ ὥ ὦ
ὓ ὗ

ὥ

ς
 Ὂ ÓÉÎ‌

ὥ

ς
Ὂ ÃÏÓ‌ ὥ

ὦ

ς
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Ȣ
τ φ σ πȢφ σ πȢψ φ τȢψσ, kN, 

Вὓ Ὂᴆ π, Ὂ ὗ ὦ ὓ ὣ ὥ ὦ π, 

ὣ Ὂ ὗ ὦ ὓ σ φ ψ τ υȢυ, kN, 

Вὓ Ὂᴆ π, Ὂ ὌὉ ὗ ὓ ὢ ὃὉ π, 

ὢ Ὂ ὌὉ ὗ ὓ
Ȣ
σ ρςȢυ φ τ υȢφχ, kN. 

 

 

Fig. 1.6.2 

 

The verification: 

Вὓ Ὂᴆ ὓ ὣ  ὢ Ὂ ÃÏÓ‌ Ὑ Ὤ   

τ υȢυ  υȢφχ σ πȢψ τȢψστȢς π, 

where: Ὤ ÓÉÎ‌ πȢφ τȢς, m. 

Exercise 3. Determine the reactions of the frame supports ὢ, ὣ and Ὑ               (Fig. 

1.6.3). Data: Ὂ φ kN, ή σ kN/m, ὓ ψ kNĬm, ‌ φπ, ὥ υ m, ὦ τ m, ὧ ρ 

m. 

One can replace the distributed load with concentrated force:  

ὗ ή ὥ ὧ σ υ ρ ρψ, kN. 

The geometric dimensions and the frame elements: 

Ὠ σ m, ὉὈ Ὠ σ m and ὋὉ ὉὈ ÔÁÎ‌ σ ÔÁÎφπ υȢς, m. 
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(a) 

 

(b) 

Fig. 1.6.3 

 

The third form of the balance equations of the arbitrary flat force system would be 

used: ВὊ π, ὢ Ὂ ÃÏÓ‌ π, ὢ Ὂ ÃÏÓ‌ φ ÃÏÓφπ σ, kN,  

Вὓ Ὂᴆ π, Ὑ ὥ ὓ ὗ Ὠ  Ὂ ÓÉÎ‌ ὥ ὧ π, 

Ὑ
ρ

ὥ
ὓ ὗ Ὠ  Ὂ ÓÉÎ‌ ὥ ὧ  

ψ ρψσ  φ ÓÉÎφπ υ ρ ρυȢττ, kN, 

Вὓ Ὂᴆ π, ὣ ὥ ὓ ὗ ὥ Ὠ  Ὂ ÓÉÎ‌ ὧ π, 

ὣ ὓ ὗ ὥ Ὠ  Ὂ ÓÉÎ‌ ὧ   

ψ ρψ υ σ  φ ÓÉÎφπ ρ χȢχφ, kN. 

The verification: Вὓ Ὂᴆ ὓ ὣ Ὠ ὢ ὋὉ Ὑ ὥ Ὠ  

ψ χȢχφσ σ υȢς ρυȢττ υ σ π. 

 

Questions and comments: 

 

1.6.1. The first (basic) form of the balance equations of an arbitrary plane system 

of forces (the equalities to zero of the sum of projections of forces on each of two rectilin-

ear coordinate axes and the sum of scalar moments of forces relative to any point). 

1.6.2. The second form of the balance equations of an arbitrary plane system of 

forces (the sum of the scalar moments of the system forces relative to any three points is 

equal to zero). 

1.6.3. The third form of the balance equations of an arbitrary plane system of forces 

(the equality to zero of the sum of scalar moments of forces relative to any two points 
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lying in the plane of action of the forces, and the sum of the projections of these forces 

onto any axis of the plane not perpendicular to the line passing through the two moment 

points) 

 

1.7. Hinged joints in mechanical systems and estimation of degree of freedom 

 

The geometric variability of the system. A mechanical system is geometrically un-

changeable (Fig. 1.7.1 a and c), if movements of its points are possible only due to defor-

mation of the links (elements) of the system. 

 

 

(a) 

 

 

(b) 

 

 

(c) 

Fig. 1.7.1 

 

The simplest geometrically unchangeable hingeïrod mechanical system is a trian-

gular truss (Fig. 1.7.1 a). 

In the process of kinematic analysis, it is determined whether the system is geomet-

rically invariable. A mechanical system is geometrically variable if changing its shape is 

possible without deforming its elements.  

To assess the mobility of a mechanical system, the concept of degrees of freedom 

is used. The number of degrees of freedom is the number of possible independent move-

ments of points of a mechanical system. The number of degrees of freedom is the mini-

mum number of independent generalized coordinates that determine the position of the 

points of a mechanical system. 

The concept of disk. A disk is a geometrically unchangeable part of a mechanical 

system. A simple or single hinge connects two discs (Fig. 1.7.2 a, b, c and f). A multiple 

hinge connects more than two discs (Fig. 1.7.2 d and e). 

 

 

(a) 

 

(b) 
 

(c) 

 

(d) 

 

(e) 
 

(f) 

Fig. 1.7.2 
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An elementary link (Fig. 1.7.3 a) corresponds to one support rod in the rod inter-

pretation of support links. 

 

 

 

(a) 

 

 
 

(b) 

 
 

 (c) 

Fig. 1.7.3 

 

The number of degrees of freedom ύ of a mechanical system one can find using 

P.L. Chebyshevôs formula: ύ σ Ὀ ς Ὕ ὅ, where Ὀ ï number of disks of the 

mechanical system, Ὕ ï number of simple hinges, ὅ ï number of elementary support 

links. 

If the number of degrees of freedom is greater than zero: ύ π the mechanical 

system is geometrically variable. If the number of degrees of freedom is not more than 

zero: ύ π the mechanical system can be geometrically unchangeable. This requirement 

is necessary, but not sufficient. The diagrams show examples of variable mechanical sys-

tems, the number of degrees of freedom, which is not more than zero (ύ π, Fig. 1.7.4). 

 

 

Fig. 1.7.4 

 

The number of degrees of freedom of the truss one can find using the formula: 

ύ ς ὣ Ὓ ὅ, where ὣ ï number of truss nodes, Ὓ ï number of the truss bars. 

An example of finding the number of degrees of freedom of the truss (Fig. 1.7.5): 

ύ ς ψ ρσσ π. 
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Fig. 1.7.5 

 

Finding the number of degrees of freedom of a truss using P.L. Chebyshevôs for-

mula: ύ σ ρσς ρ ς ς ς σ τ σ π. 

The geometrically unchangeable mechanical system is statically determinable if  the 

forces in it are determined by balance condition. For each disk one can create three inde-

pendent equations of the balance. For the system one can compose σ Ὀ  independent 

equations of the balance. 

In each elementary connection there is one reaction, and the total of the reactions 

acting in mechanical systems is equal to: ς Ὕ ὅ . 

Consequently, in statically definable systems the number of simple hinges T be-

tween disks and the number of elementary support links C0 are interdependent with the 

number of disks: σ Ὀ ς Ὕ ὅ. In statically definable mechanical systems the 

number of degrees of freedom is zero: ύ π. 

For a statically definable truss, the number of nodes is related to the number of rods: 

ς ὣ Ὓ ὅ, wherein the number of degrees of freedom of a statically definable truss 

is zero: ύ ς ὣ Ὓ ὅ π. 

 

Questions and comments: 

 

1.7.1. The geometric variability of a mechanical system. 

1.7.2. Determination of degrees of freedom (the mobility) of a mechanical system 

and assessment of its geometric immutability as a subject of kinematic analysis. 

1.7.3. The concept of a disk ï an element of mechanical system. 

1.7.4. Hinges and elementary connections in mechanical systems. 

1.7.5. The geometric invariability of a mechanical system and the number of its 

degrees of freedom. 

1.7.6. Finding the degrees of freedom of a truss by P.L. Chebyshev's formula. 

1.7.7. Statically definable and statically indefinable mechanical systems. 
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1.8. Static indefinability  of a mechanical system, 

geometric invariability of the system 

 

For the geometric immutability of the system, the condition: ύ π is necessary, 

but not sufficient. Therefore, the geometric or structural analysis of the system is manda-

tory, wherein the correct connection of the disks to each other and to the support is 

checked. The variants of geometrically invariable systems that are formed on the simplest 

geometrically invariable system ï a hingedïrod triangle are the connections: 

1. A new node attaching to a disk using two rods (dyads), the axes of which do not 

lie on the same straight line (Fig. 1.8.1 a). 

 
 

 

 

(a) 
 

(b) 

 

 

(c) 

 

(d) 

 

(e) 

Fig. 1.8.1 

 

2. Two disks at the crown with rods whose axes are not parallel and do not intersect 

at one point (Fig. 1.8.1 b). 

3. Two disks with a rod and a hinge that does not lie on the axis of the rod                       

(Fig. 1.8.1 c). 

4. Three disks connection by three hinges not lying on the same straight line                 

(Fig. 1.8.1 d). 

5. Connection of three disks by six hinges, the intersection points of which do not 

lie on the same straight line (Fig. 1.8.1 e). 

The examples of kinematic analysis of mechanical systems. 

1. The system is geometrically immutable and statically determinable (Fig. 1.8.2), 

the number of degrees of freedom is equal to zero: 

ύ ς ὣ Ὓ ὅ ς ψ ρςτ π. 

 

 

(a) 

 

(b) 

Fig. 1.8.2 
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2. The system is geometrically unchangeable and once statically indefinable               

(Fig. 1.8.3), the number of degrees of freedom is equal:  

ύ ς ὣ Ὓ ὅ ς ω ρυτ ρ. 

 

 

(a) 

 

(b) 

Fig. 1.8.3 

 

3. The system is geometrically unchangeable and statically indefinable (Fig. 1.8.4 

a), and the number of degrees of freedom according to P.L. Chebyshevôs formula is equal 

to: ύ σ Ὀ ς Ὕ ὅ σ σ ς ς υ π. 

 

 

(a) 

 

(b) 

Fig. 1.8.4 

 

Questions and comments: 

 

1.8.1. Options for geometrically invariable mechanical systems. 

1.8.2. The geometric invariability and static definability. 

 

1.9. Types of connections in mechanical systems 

 

Free and nonïfree solid body. A body whose movement is not subject to any re-

strictions is free. A free rigid body in space has six degrees of freedom. It can move trans-

lationally along the axes: πὢ, πὣ and πὤ and rotate about each of these axes. 

On a plane, a free rigid body has three degrees of freedom ï it can move along the 

axes: πὢ ÁÎÄ πὣ and rotate around any point on the plane. 

The body that limits freedom of movement of another body is a connection in rela-

tion to it. A rigid body whose freedom of movement is limited by bonds is called nonï

free. The typical types of connections: 
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1. Perfect smooth surface (Fig. 1.9.1 a). The reaction of an ideal smooth surface is 

directed along the common normal to the contacting surfaces. 

 

 

 

(a) 

 

(b) 

Fig. 1.9.1 

 

2. Thread (Fig. 1.9.1 b). The reaction of a stretched flexible inextensible thread is 

directed along the thread to the point of its suspension. 

3. The weightless rod (Fig. 1.9.2 a). A weightless rod with hinges at the ends, the 

weight of which, compared to the perceived load, can be neglected. The reaction of a 

weightless rod is directed along its axis passing through the hinges at the ends. 

 

 

(a) 

 

 

(b) 

Fig. 1.9.2 

 

4. The cylindrical articulated support (Fig. 1.9.2 b) prevents the fixed point from 

moving perpendicular to the supporting surface, so the reaction is also perpendicular to 

this surface. 

5. Cylindrical articulated ï fixed support (Fig. 1.9.3). The two bodies are connected 

by means of a cylindrical hinge (bearing) and have the ability to rotate one body relative 

to the other around a common axis, denominated the hinge axis. The reaction of a hingedï

fixed support passes through the axis and can have any direction in a plane perpendicular 

to the hinge axis. 
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(a) 

 

(b) 

Fig. 1.9.3 

 

6. The spherical joint and thrust bearing (Fig. 1.9.4) have only one fixed point π. 

The reaction of a spherical joint can have different directions in space, but always passes 

through the fixed point π. 

 

 

(a) 

 

(b) 

Fig. 1.9.4 

 

Questions and comments: 

 

1.9.1. Free rigid body. 

1.9.2. A body that restricts the freedom of movement of another body, which is a 

connection. 

1.9.3. Types of the connections. 

 

1.10. Rigid embedding in the mechanics and its replacement by force vectors 

 

The support at the point A (Fig. 1.10.1) deprives the beam of the possibility of 

translational movement along the axes: πὢ and πὣ, as well as the possibility of rotation in 

the plane of action of forces. 
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(a) 

 

(b) 

Fig. 1.10.1      

 

The rod model of a flat rigid embedment (Fig. 1.10.2) provides the required three 

connections. 

 

 

(a) 

 

(b) 

Fig. 1.10.2 

 

From the three reactions occurring in the model rods, one can form three rigid em-

bedding reactions: ὢᴆ Ὑᴆ, ὣᴆ Ὑᴆ Ὑᴆ and ὓ Ὑ Ὠ. 

When determining the reactions in a rigid fixation, three forces serve as the un-

knowns: ὢ, ὣ and ὓ . They are found from three balance equations for a flat force sys-

tem. 

 

Questions and comments: 

 

1.10.1. The rod model of flat rigid embedment. 

1.10.2. The replacement of rigid embedment model rods with emerging reactions. 

 

1.11. Finding the reaction of supports using balance conditions 

for elements of mechanical systems 

 

Exercise. The initial conditions. The mechanical system (Fig. 1.11.1 a) consists of 

the straight rod ὃὅ and the rigid angle ὄὈὅ, connected to each other using the hinge ὅ. 

External connections imposed on the structure are hinged and fixed supports at points ὃ 

and ὄ. 
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(a) 
 

(b) 

Fig. 1.11.1 

 

The structure is subject to concentrated forces: Ὂ τπ kN and Ὂ ςπ kN, the 

distributed load of constant intensity: ή ρπ kN/m and the couple of forces with the mo-

ment: ὓ υπ kNĬm. 

The exercise assigns one to determine the reactions of the support links at points ὃ 

and ὄ, as well as the reaction in the connecting hinge ὅ. 

Equations of the balance. Determination of reactions. 

One can replace (Fig. 1.11.1 b) distributed load ή with a concentrated force ὗ and 

apply it in the middle of the loaded area: ὗ ή σ ρπσ σπ, kN. 

Using the first (basic) form of the balance equations of arbitrary flat force system: 

ВὊ π, ὢ ὢ Ὂ ÃÏÓφπ Ὂ ÃÏÓσπ π, 

ВὊ π, ὣ ὣ ὗ Ὂ ÓÉÎφπ Ὂ ÓÉÎσπ π, 

Вὓ Ὂᴆ π, ὗ Ὂ ÓÉÎφπ σ Ὂ ÃÏÓσπ ς  

Ὂ ÓÉÎσπ φ ὢ τ ὣ ψ ὓ π. 

Equations of the balance for a rod ὃὅ (Fig. 1.11.2 a): 

ВὊ π, ὢ ὢ Ὂ ÃÏÓφπ π, 

ВὊ π, ὣ ὣ ὗ Ὂ ÓÉÎφπ π, 

Вὓ Ὂᴆ π, ὗ Ὂ ÓÉÎφπ σ ὣ φ π, 

Equations of the balance for the corner ὄὈὅ (Fig. 1.11.2 b): 

ВὊ π, ὢ ὢ Ὂ ÃÏÓσπ π, 

ВὊ π, ὣ ὣ Ὂ ÓÉÎσπ π, 

Вὓ Ὂᴆ π, Ὂ ÃÏÓσπ ς ὓ ὢ τ ὣ ς π. 
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(a) 

 

(b) 

Fig. 1.11.2 

 

Solving the system of obtained equations and finding the reactions of the support 

links at points ὃ and ὄ, as well as the reaction in the connecting hinge ὅ: 

ὣ ὗ Ὂ ÓÉÎφπ σ    

σπ τπÓÉÎφπ σ  ςτȢψς, kN, 

ὣ ὣ ὗ Ὂ ÓÉÎφπ ςτȢψςσπτππȢψφφσωȢψς, kN, 

ὣ ὣ Ὂ ÓÉÎσπ ςτȢψςςππȢυ ρτȢψς, kN, 

ὢ Ὂ ÃÏÓσπ ς ὓ ὣ ς   

ςππȢψφφς υπρτȢψςς ςψȢυχ, kN, 

ὢ ὢ Ὂ ÃÏÓσπ ςψȢυχςππȢψφφρρȢςυ, kN, 

ὢ ὢ Ὂ ÃÏÓφπ ρρȢςυτππȢυ σρȢςυ, kN. 

The found reactions of the support links at points ὃ ÁÎÄ ὄ, as well as the reaction 

at the connecting joint ὅ are shown in the Table 1.11. 

Table 1.11 

ὢ, kN ὣ, kN ὢ , kN ὣ, kN ὢ , kN ὣ, kN 

σρȢςυ σωȢψς ςψȢυχ ρτȢψς ρρȢςυ ςτȢψς 

 

The verification of the balance of the corner ὄὈὅ (Fig. 1.11.2 b): 

Вὓ Ὂᴆ ὓ Ὂ ÓÉÎσπ ς Ὂ ÃÏÓσπ ς ὢ τ ὣ ς   

υπςππȢυ ς ςππȢψφφς ρρȢςυτ ςτȢψςς π. 

The verification of the balance of the entire structure (when the origin of coordi-

nates is aligned with the point of application of the force Ὂᴆ, Fig. 1.11.2 b): 

Вὓ Ὂᴆ ὣ φ ὢ ς ὗ τȢυ Ὂ ÓÉÎφπ σ   

Ὂ ÃÏÓφπ ς ὓ ὢ ς ὣ ς   

σωȢψςφ σρȢςυς σπτȢυ τππȢψφφς τππȢυ ς  

υπςψȢυχς ρτȢψςς π. 
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Questions and comments: 

 

1.11.1. Conditions of the balance for an arbitrary plane system of forces. 

1.11.2. Finding reactions in support links and in the connecting hinge. 

1.11.3. Using the balance equations of a mechanical system to check the found re-

actions in the support links and in the connecting hinge. 

 

1.12. The balance and degrees of freedom  

of instantly variable mechanical systems 

 

Signs of instantaneous variability of a mechanical system. 

For a given system consisting of three disks (ὃὅ, ὄὅ and çgroundè) connected by 

hinges ὃ, ὄ and ὅ the conditions of the balance have the form (Fig. 1.12.1): ВὊ π, 

Ὕ ÃÏÓ‌ Ὕ ÃÏÓ‌ π and ВὊ π, ς Ὕ ÓÉÎ‌ Ὂ π, 

where: Ὕ  at ‌ᴼπ, ὝᴼЊ. 

 

 

(a) 

 

(b) 

Fig. 1.12.1 

 

Geometric (the kinematic) sign of the instantaneous variability of the system when 

connecting three disks is the location of three hinges (three instantaneous centers of rota-

tion) on one straight line (Fig. 1.12.2 a, b, c and d). For two disks, a sign of instantaneous 

variability of the system is the connection by three parallel rods or three rods whose axes 

intersect at one point. 

 

 

 

 

(a) 

 

 

 

(b) 

 

(c) 
 

(d) 

Fig. 1.12.2. Examples of instantaneous dualïdisc mechanical systems 

 



44 
 

The examples of geometrically unchangeable instantaneously mechanical systems 

of two disks are shown in the diagrams (Fig. 1.12.3 a, b, c and d).  

 

 

(a) 

 

 

(b) 

 

(c) 

 

(d) 

Fig. 1.12.3 

 

The examples of geometrically unchangeable instantaneously mechanical systems 

of three disks (Fig. 1.12.4 a and b) and ones changeable instantaneously (Fig. 1.12.4 c 

and d). 

 

 

 

(a) 

 

(b) 

 

 

(c) 

 

(d) 

Fig. 1.12.4 

 

Exercise 1. The assess the instantaneous variability of the system (Fig. 1.12.5). 

1. According to P.L. Chebyshevôs formula, the number of degrees of freedom of a 

mechanical system is equal to: ύ σ Ὀ ς Ὕ ὅ σ ρ ς π σ π. 

2. The system is instantly changeable, because two disks (the frame and the 

çgroundè) are connected using a rod and a hinge lying on the axis of the rod. 

3. The equation for the sum of moments about the support ὃ: 
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Вὓ Ὂᴆ π, Ὂ ὰ Ὑ π π. 

 

 

Fig. 1.12.5 

 

The magnitude of the reaction at the point ὄ is equal to: Ὑ Њ, the magni-

tude of the reaction is infinitely large at: Ὂ π (under the assumption of the immutability 

of the mechanical system). When: Ὂ π uncertainty arises: Ὑ . 

Exercise 2. Perform a kinematic analysis of the system and evaluate the signs of its 

geometric instantaneous variability, if: Ὂ φ kN, Ὂ ψ kN, ὥ σ ὦ=0.3 m 

and Ὤ ς Ὤ. 

Three disks (two of them are shaded on the diagram in section, and the third is 

çgroundè, Fig. 1.12.6) are connected by two pairs of the rods, including parallel rods 1 

and 2, as well as rods in connections with the support.  

 

 

(a) 

 

 

(b) 

Fig. 1.12.6 

 

Rods 1 and 2 are parallel, which is a geometric sign of the instantaneous variability 

of the mechanical system. 

According to P.L. Chebyshevôs formula, the number of degrees of freedom of a 

mechanical system is equal to: ύ σ Ὀ ς Ὕ ὅ σ τ ς τ τ π. 

The condition of the balance for the left side of the mechanical system is: 

Вὓ π, Ὓ Ὤ Ὓ Ὤ Ὂ ὥ π. 
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The condition of the balance for the right side of the mechanical system is: 

Вὓ π, Ὓ Ὤ Ὓ Ὤ Ὂ ὦ π. 

Due to the instantaneous variability of the mechanical system, the contradiction 

arises for the conditions of the balance: 

Ὓ Ὤ Ὓ Ὤ Ὂ ὥ φ πȢσ ρȢψ, kN, 

Ὓ Ὤ Ὓ Ὤ Ὂ ὦ ψ πȢρ πȢψ, kN. 

 

Questions and comments: 

 

1.12.1. The signs of instantaneous variability of a mechanical system. 

1.12.2. The examples of instantaneous dualïdisc mechanical systems. 

1.12.3. The examples of instantly unchangeable mechanical systems. 
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Chapter 2. Static calculations of elements of mechanical systems 

(frames and trusses), finding reactions and creating force diagrams, 

equation of three moments, moving load and lines of influence 

 

2.1. The balance of a system of converging forces 

 

Converging forces ï lines of action that intersect at one point, are shown in the 

diagram (Fig. 2.1.1). 

 

 

(a) 

 

 

(b) 

 

 

(c) 

Fig. 2.1.1   

 

The bringing of system of converging forces ὊᴆȟὊᴆȟȣȟὊᴆ  to their resultant: 

Ὑᴆȟ Ὂᴆ Ὂᴆ, Ὑᴆȟȟ Ὑᴆȟ Ὂᴆ Ὂᴆ Ὂᴆ Ὂᴆ and Ὑᴆz В Ὂᴆ. 

Projections (Ὑᶻ, Ὑᶻ and Ὑᶻ) on the coordinate axes of the resultant Ὑᴆz of the con-

verging forces are equal: Ὑᶻ В Ὂ , Ὑᶻ В Ὂ  and Ὑᶻ В Ὂ . 

The magnitude of the resultant of converging forces Ὑᶻ is determined by its projec-

tions (Ὑᶻ, Ὑᶻ and Ὑᶻ) as: Ὑᶻ В Ὂ В Ὂ В Ὂ . 

The angles of the resultant Ὑᶻ with respect to the coordinate axes πὢὣὤ (that is with 

respect to the unit vectors of the coordinate system: ᴆ, ᴆ and Ὧᴆ) are characterized by direc-

tion cosines: ÃÏÓὙᴆzȟᴆ
ᶻ

,z ÃÏÓὙᴆzȟᴆ
ᶻ

 zand ÃÏÓὙᴆzȟὯᴆ
ᶻ

.z 

Condition of the balance of the convergent force system. The scalar notation of the 

equilibrium condition equation. For the balance of the converging force system it is nec-

essary and sufficient that the magnitude of the resultant forces be equal to zero: 

Ὑᶻ Ὑz Ὑz Ὑz В Ὂ В Ὂ В Ὂ π. 

For the balance of the spatial system of converging forces in scalar form, it is nec-

essary and sufficient that the totals of the projections of forces on each of the three axes 

of the rectangular Cartesian coordinate system be equal to zero: 
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В Ὂ π, В Ὂ π and В Ὂ π. 

For the balance of a flat system of converging forces in the analytical form it is 

necessary and sufficient that the totals of the projections of forces on each of the two axes 

of the Cartesian coordinate system be equal to zero: В Ὂ π and В Ὂ π. 

Three Forces Theorem. If a system of three nonïparallel forces lying in the same 

plane is in the balance, then the lines of action of these forces intersect at one point          

(Fig. 2.1.2). 

 

 

(a) 

 

(b) 

Fig. 2.1.2 

 

Let the system of three forces Ὂᴆ, Ὂᴆ and Ὂᴆ be in the balance. 

The lines of action of the forces Ὂᴆ and Ὂᴆ intersect at the point π. 

Let's move these of the forces along the lines of their action to the point π, add them 

according to the parallelogram rule and replace by their resultant: Ὑᴆȟ Ὂᴆ Ὂᴆ. 

The equilibrium of a body under the action of two forces Ὂᴆ and Ὑᴆȟ is possible 

only if: Ὂᴆ Ὑᴆȟ. Thus, the line of action of force Ὂᴆ necessarily passes through the 

point π. 

 

Questions and comments: 

 

2.1.1. The reducing a system of converging forces to their resultant, the projection 

of resultant on the coordinate axes, the magnitude of resultant, the cosines of the direction 

angles.  

2.1.2. The balance condition for a convergent system of forces. 

2.1.3. Three Forces Theorem. 
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2.2 Considering the balance of converging forces 

when analyzing statics issues 

 

Exercise. An ideally smooth ball of arbitrary radius Ὑ and weight: ὖ φπ kN is 

attached to a vertical wall (Fig. 2.2.1 a) at the point ὒ, using a thread, and rests on the 

smooth surface of the wall at the point Ὓ. Wherein the length of the thread is equal to the 

radius of the ball: ὑὒ Ὑ. The exercise assigns one to determine the tension force of the 

thread and the pressure force of the ball on the wall. 

 

 

 

(a) 

 

(b) 

 

 

 

(c) 

 

 

(d) 

 

 

 

(e) 

Fig. 2.2.1 

 

Under the influence of three forces, a body is in balance only when the lines of 

action of the forces lie in the same plane and intersect at one point ï in accordance with 

the Three Forces Theorem. The center of the ball serves as such a point π. The considering 

system of forces is convergent. Consequently, in the considered system of forces acting 

on the ball, the points of application and the directions of all three forces are known. 

The force of the ball's weight ὖᴆ is applied at its geometric center π and is directed 

vertically downward (Fig. 2.2.1 b). The reaction of the thread Ὕᴆ is applied at the point ὑ 

of fastening the thread to the ball and is directed along the thread to the point of suspension 

ὒ. The reaction ὔᴆ from the side of the smooth wall is applied at the point Ὓ of contact of 

the ball with the wall and is directed radially to the center of the ball π. In a right angled 

triangle ЎπὛὒ the length of the hypotenuse: πὒ ς Ὑ, and the length of the leg: 

πὛ Ὑ. Thus, the leg is half the size of the hypotenuse, and the angle: πὒὛ σπ. 

Graphical solution. The geometric condition of balance of the converging force sys-

tem is a closed force polygon (triangle) of these forces (Fig. 2.2.1 c). 

To create a force triangle from an arbitrary point ὃ on a scale (for example, 1 mm 

of vector length corresponds to 1 kN force) is plotted vertically downwards vector of the 

gravity force ὖᴆ of the ball. 

The length of the vector is 60 mm, which corresponds to the strength 60 kN. 
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The end of vector ὖᴆ corresponds to a point ὄ. From the beginning and the end of 

this vector, the straight lines are drawn corresponding to the lines of action of other forces: 

Ὕᴆ and ὔᴆ. They will intersect at the point ὅ, which serves as the third vertex of the closed 

force triangle. 

The end of each previous vector coincides with the beginning of the next one. 

The directions of vectors of the required forces are uniquely determined by the need 

to construct a closed force triangle. The reaction ὔᴆ from the side of the smooth wall is 

directed horizontally to the left. The reaction of the thread Ὕᴆ is directed along the thread 

upward to the suspension point, which is at an angle of 300 to the vertical. By measuring 

the lengths of vectors in millimeters with a ruler one can find approximate values of the 

magnitudes of the reactions sought: Ὕᴆ φω kN and ὔᴆ συ kN. 

The analytical method of solution (Fig. 2.2.1 d). One needs to move the active ones 

of the force along their lines of action to the point of çdescentè (the center of the suspended 

ball π) and align the origin of the plane rectangular coordinate system πὢὣ with this point. 

For a converging force system, the analytical condition of the balance is the equality 

to zero of the totals of projections of the acting forces on the coordinate axes. 

Equations of the balance are: ВὊ π, Ὕ ÓÉÎσπ ὔ π and ВὊ π, 

Ὕ ÃÏÓσπ ὖ π. The solving of equations has the form: Ὕ φωȢςψ, kN 

and ὔ ὖ ÔÁÎσπ σφȢφτ, kN. 

Graphicïanalytical method of solution (Fig. 2.2.1 e). The condition of balance of 

the converging force system is used (as and for the graphical method), that is the force 

triangle must be closed. The polygon (triangle) has a leg and an acute angle σπ. One can 

find the force values using a graphicalïanalytical method: Ὕ φωȢςψ kN, ὔ σφȢφτ kN. 

Analysis of the applied methods for solving the statics problem shows three ap-

proaches available: 

1. The graphical approach is clear and simple but is approximate and depends on 

the accuracy of measurements and graphic drafts. 

2. The analytical solution is appropriately universal and accurate; there are no re-

strictions on the number of active forces in the system. 

3. The graphicïanalytical approach is accurate and visual, but in practice it can only 

be used for the systems with a small number of forces: three (with a force triangle) or four 

(with a force parallelogram). 

 

Questions and comments: 

 

2.2.1. The use of the balance conditions of three forces lying in the same plane to 

find the tension of the thread and the pressure on a smooth wall when suspending a ball. 
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2.2.2. The graphical solution method and a converged force polygon to determine 

the tension of the thread and the pressure of the ball on the wall. 

2.2.3. Application of a graphical method for solving and transferring of forces along 

the lines of their action to the çvanishing pointè (the center of a suspended ball). 

2.2.4. Using the graphicïanalytical method for finding the forces and the reactions 

and the conditions for the closure of the force triangle. 

 

2.3. Using the threeïforce theorem in solving statics problems 

 

Three forces theorem. If a rigid body is in balance under the action of three nonï

parallel forces, then all three of the forces lie in the same plane and their lines of action 

intersect at one point. 

Exercise. A twoïbody system is specified (Fig. 2.3.1). Weightless threeïhinge arch 

loaded with horizontal force: Ὂ ρπ kN. One needs to determine the reactions in sup-

ports: ὃ and ὄ. 

 

 

Fig. 2.3.1 

 

The analytical method of solving using the conditions of balance. 

Equations of the balance for the entire arch as a whole (Fig. 2.3.2 a), for example, 

relative to the support ὃ: ВὊ π, ВὊ π and Вὓ Ὂᴆ π. 

 

 

(a) 

 

(b) 

Fig. 2.3.2 
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One equation of the balance for half an arch (Fig. 2.3.2 b), for example regarding 

a hinge ὅ, is: Вὓ Ὂᴆ π. 

Graphicïanalytical method for solving the problem (Fig. 2.3.3). A converged force 

triangle is drafted graphically. 

 

 

Fig. 2.3.3 

 

When using the graphicïanalytical method, there is no need to project forces onto 

coordinate axes, which would be necessary to compile the balance equations when using 

the analytical method for determining support reactions. 

When finding the support reactions, the following axioms and theorem are used. 

The axiom çof two forcesè: Ὑ Ὑ . 

The axiom çof the equality of reaction and action forcesè: Ὑ Ὑ . 

According to the Three Forces Theorem, the line of action of the force Ὑ, which 

close the force triangle, acts along the edge ὃὅ of the arch. The magnitude of the reactions 

of supports ὃ ÁÎÄ ὄ one can determine by closed force right triangle as: 

Ὑ Ὑ  Ὂ ÃÏÓτυ  Ὂ ÓÉÎτυ ρπ
Ѝ

, kN. 

 

Questions and comments: 

 

2.3.1. Three Forces Theorem. 

2.3.2. Analytical and graphicïanalytical methods for solving the equations of forces 

balance on a plane. 

2.3.3. The axiom about two forces. 

2.3.4. The axiom on the equality of reaction and action forces. 

 

2.4. Calculation of flat trusses using the section method 

 

The trusses are the structures consisting of straight rods connected at the ends using 

hinge joints. 
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The assumptions made when calculating forces in truss elements: 

(a) the external forces are applied only at the truss nodes; 

(b) when calculating the truss, one can neglect the mass of the rods and the weight, 

distributed over the rod; 

(c) the truss nodes are ideal hinges: there are no gaps in the hinges, one can neglect 

friction in the hinges. 

The principles of the truss creating. The simplest truss is triangular, consisting of 

three rods connected by three hinges (Fig. 2.4.1 a). Each new hinge joint is connected by 

two new rods (Fig. 2.4.1 b). The relationship between the number of rods ί and the number 

of nodes ό of the truss is: ί σ ς ό σ. 

 

 

(a) 

 

(b) 

Fig. 2.4.1 

 

Calculation methods of flat trusses. The calculation of a truss consists in determin-

ing the forces in its rods (Fig. 2.4.2). The forces in the rods are determined by the method 

of nodes cutting or the method of sections (the Ritter method, Fig. 2.4.2 b). 

 

 

(a) 

 

(b) 

Fig. 2.4.2 

 

Zero rods of trusses ï the forces in which are equal to zero. 

Zero rods meet the conditions: 

(1) if in an unloaded node, two rods that do not lie on the same line converge, then 

both rods are zero (Fig. 2.4.3 a); 

(2) if three rods converge in an unloaded node, two of which lie on the same straight 

line, then the third rod, not lying on this straight line, is zero (Fig. 2.4.3 b); 
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(3) if two rods that do not lie on the same straight line converge in a loaded node, 

and the external load is directed along one of the rods, then the second rod is zero (Fig. 

2.4.3 c). 

 

 

(a) 

 

(b) 

 

(c) 

Fig. 2.4.3 

 

Exercise 1. Find all zero bars for a given truss (Fig. 2.4.4). 

 

 

Fig. 2.4.4 

 

Zero rods of truss, the forces in which are equal to zero: 4, 5, 6, 7, 8, 9, 10 and 11. 

Exercise 2. Determine the forces in the truss bars for a given external force: Ὂ 5 

kN (Fig. 2.4.5 a). 

 

 

(a) 

 

(b) 

 

(c) 

Fig. 2.4.5 

 

The determination of support reactions. Equations of the balance of an integral truss 

relative to the supports (Fig. 2.4.5 b), for example, relative to the support ὃ, are: 

ВὊ π, ὢ Ὂ π, ὢ Ὂ υ kN, 

Вὓ Ὂᴆ π, Ὂ ς ὥ ὣ ὥ π, ὣ ς Ὂ ρπ, kN, 

Вὓ Ὂᴆ π, Ὂ ς ὥ Ὑ ὥ π, Ὑ ς Ὂ ρπ, kN. 
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Finding forces in the rods by cutting out the knots. Two equations of the balance 

for a node ὅ: ВὊ π, Ὂ Ὓ π, Ὓ Ὂ υ, kN and ВὊ π, Ὓ π. 

Equations of the balance for the cutïoff part (Fig. 2.4.5 c): 

Вὓ π, Ὂ ὥ Ὓ ὥ π, Ὓ Ὂ υ, kN, 

ВὊ π, Ὂ Ὓ ÃÏÓτυ π, Ὓ υЍς, kN, 

Вὓ π, Ὓ ὥ π, Ὓ π. 

The conditions of balance relative to the node Ὁ (Fig. 2.4.6 b): 

Ὓ π, Ὓ Ὓ π, Ὓ Ὓ υ, kN. 

 

 

(a) 

 

(b) 

 

(c) 

Fig. 2.4.6 

 

For second cutïoff part one defines conditions of the balance (Fig. 2.4.6 a): 

ВὊ π, Ὂ Ὓ ÃÏÓτυ π, Ὓ υЍς, kN, 

Вὓ π, Ὂ ς ὥ Ὓ ὥ π, Ὓ ς Ὂ ρπ, kN, 

Вὓ π, Ὂ ὥ Ὓ ὥ π, Ὓ Ὂ υ, kN. 

The conditions of the balance relative to the node ὄ (Fig. 2.4.6 c): 

Ὓ π, Ὓ Ὑ π, Ὓ Ὑ υ, kN. 

 

Questions and comments: 

 

2.4.1. The truss is a rigid structure consisting of straight rods connected at the ends 

using hinge joints. 

2.4.2. The assumptions made when calculating forces in truss elements and the cal-

culation methods used. 

2.4.3. Zero rods of trusses ï the forces in which are equal to zero. 

2.4.4. Finding support reactions using the balance equations for a complete truss. 

2.4.5. Finding forces in the rods by cutting out the nodes.  
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2.5. Calculation of statically definable mechanical systems 

using the method of sections 

 

Methods of the internal forces determining. The resultants of normal and tangential 

mechanical stresses in a plane stress state one can replace (Fig, 2.5.1) by two forces ï ὔ 

and ὗ and concentrated moment ὓ. The indicated efforts are denominated the internal 

ones: ὔ ï the longitudinal force, ὗ ï the transverse the force and ὓ ï the bending moment. 

 

 

(a) 

 

(b) 

Fig. 2.5.1 

 

The internal forces can be found by the acting load, the geometric characteristics 

and the elasticity indicators of the body. Three main methods are used in the structural 

mechanics to determine forces in statically definable rod systems: the method of sections, 

the method of replacing the connections and the kinematic method. The first two methods 

are static, that is are related to the use of equations of the balance. 

The section method is the most widely used due to its clarity and the ease of use. 

The section method is that after the determining of support reactions, the mechanical sys-

tem (Fig. 2.5.1 a) is cut virtually into two parts and one part is separated by replacing it 

action with the internal forces (Fig. 2.5.1 b). 

Internal forces are determined by the conditions of balance of the mechanical sys-

tem parts. If one rod falls into the section, then the forces in it are found according to the 

known rules of the mechanics. 

When drawing up the balance equations for internal forces, the rule of signs is used, 

and the conditions of symmetry and pairing of internal forces in an element that is in bal-

ance are also taken into account, in particular, in that element (Fig. 2.5.2), which is located 

between the separated parts (Fig. 2.5.1 b). 

When the elasticity of the material is uniformly distributed over the crossïsection, 

the bending moment ὓ is equal to the sum of the moments relative to the center of the 

crossïsectional area from all forces acting on the remaining part. The transverse (the 

shear) force ὗ is equal to the sum of the projections of the same forces onto the axis di-

rected parallel to the tangential stresses acting in the section. The longitudinal force ὔ is 
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equal to the sum of the projections of the same forces onto the axis directed perpendicular 

to the crossïsectional plane. 

 

Fig. 2.5.2 

 

The internal forces in frame sections (Fig. 2.5.3 and 2.5.4 a and b) can be found by 

replacing the links with reactions acting on the part of the replaced links. 

 

 

Fig. 2.5.3 

 

For the purpose of systematization, when drawing up and solving the balance equa-

tions, the methods of section approach are used: the moment point method, the method of 

the projections and the method of cutting out the nodes. 

 

 

(a) 
 

(b) 

Fig. 2.5.4 

 

The moment point method is applied if the lines of action of all internal forces in 

the section, except for one of the required forces, intersect at one point. This point is de-

nominated the moment point. 
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The required force is determined from the equation of the moments of forces total 

acting on the cutïoff part relative to the moment point (Fig. 2.5.5). 

 

 

(a) 

 

 

(b) 

 

 

(c)  

Fig. 2.5.5 

 

The method of cutting nodes (Fig. 2.5.6) would be used if the forces entering the 

section form the convergent system of forces and the analytical form of the balance con-

dition one can represent by two equations: ВὊ π and ВὊ π. These equations of 

the balance can be solved if the number of unknowns at a node is no more than two. 

 

 

(a) 

 

 

 

 

(b) 

Fig. 2.5.6 

 

The projection method (Fig. 2.5.7) is used in the case when one can select an axis 

with respect to which all unknown forces in the selected section except the force sought 

will be perpendicular to this axis. Then the indicated force sought is determined by the 

equation of the total of projections onto this axis of all forces acting on the cutïoff part. 

 

 

(a) 

 

(b) 

Fig. 2.5.7 
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Questions and comments: 

 

2.5.1. The methods for determining of the internal forces in static calculations of 

mechanical systems.  

2.5.2. The replacement of mechanical stresses in a plane stress state with concen-

trated forces and moment. 

2.5.3. Three methods for determining forces in statically definable rod systems: the 

method of sections, the method of replacing connections and the kinematic method. 

2.5.4. The rule of signs and the conditions of symmetry and pairing of internal 

forces in the elements of mechanical structures that are in the balance. 

2.5.5. Methods used in drawing up and solving the balance equations: the moment 

point method, the projection method and the node cutting method. 

 

2.6. Determination of forces in truss rods using the Ritter method 

 

Exercise 1. Given, the magnitude of the external load: Ὂ χ kN and Ὂ ρρ kN, 

dimensions of the truss elements (Fig. 2.6.1): Ὠ ς m and Ὤ τ m. One has to determine 

the reactions of supports ὃ and ὄ and forces in the rods. 

 

 

Fig. 2.6.1 

 

Determination of support reactions (Fig. 2.6.2): ὢ, ὣ and Ὑ . 

The conditions of the balance of entire truss are: 

ВὊ π, ὢ Ὑ π, ὢ Ὑ ,  

ВὊ π, ὣ  Ὂ Ὂ π, ὣ  Ὂ Ὂ χ ρρ ρψ, kN, 

Вὓ π, Ὑ Ὤ Ὂ τ Ὠ Ὂ ς Ὠ π,  

ὢ Ὑ ςυ, kN. 
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The verification condition of the balance of entire truss is as follows: 

Вὓ π, Ὑ ὢ ὣ ς Ὠ Ὂ ς Ὠ  

ςυ ςυ ρψς ς χ ς ς π,  

 

 

Fig. 2.6.2 

 

Determining of the truss geometric elements (Fig. 2.6.3). 

 

 

Fig. 2.6.3 

 

The geometric elements of the truss are: 

Ὃὒ ρ m, Ὁὅ ὅὑ ς m, ὉὌ σ m, 

ÔÁÎ‌ πȢυ, ‌ ςφȢυφυρ, ÃÏÓ‌ πȢψωττ, ÓÉÎ‌ πȢττχς, ‍ τυ, 

ÔÁÎ‎ ρȢυ, ‎ υφȢσπωω, ÃÏÓ‎ πȢυυτχ, ÓÉÎ‎ πȢψσςπ. 

Conditions of the balance of the cutïoff part relative to point Ὄ (section ὥ ὥ, 

Fig. 2.6.4), the rod 1 force is determined as: 

Вὓ π, Ὓ Ὠ Ὑ Ὄὓ π, Ὓ ρςȢυ, kN. 
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Fig. 2.6.4 

 

The conditions of balance relative to the points: ὃ, Ὀ and Ὄ (the section ὦ ὦ, 

Fig. 2.6.5) are considered to find the forces in rods 2, 3 and 4: 

Вὓ π, Ὓ ὉὌ Ὂ Ὠ Ὂ σ Ὠ π,  

Ὓ ςρȢσσ, kN, 

Вὓ π, Ὓ ÃÏÓ‎ ὉὌ Ὓ ÓÉÎ‎ σ Ὠ Ὂ ς Ὠ π,  

Ὓ
Ȣ Ȣ

φȢφρ, kN, 

Вὓ π, Ὓ ÃÏÓ‌ ὉὌ Ὓ ÓÉÎ‌ Ὠ Ὂ ς Ὠ Ὂ τ Ὠ π,  

Ὓ
Ȣ Ȣ

ςχȢωυ, kN. 

 

 

Fig. 2.6.5 

 

The conditions of the balance relative to the points: Ὀ and Ὁ (the section ὧ ὧ, Fig. 

2.6.6) are considered, finding the forces in rods 5 and 8: 

Вὓ π, Ὓ σ Ὠ Ὂ ς Ὠ π, Ὓ χȢσσ, kN, 

Вὓ π, Ὓ ÃÏÓ‌ ὅὑ Ὓ ÓÉÎ‌ Ὠ Ὂ Ὠ Ὂ σ Ὠ π,  

Ὓ
Ȣ Ȣ

ςσȢψυ, kN. 
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Fig. 2.6.6 

 

To determine the forces in the remaining rods the sections: Ὠ Ὠ, Ὡ Ὡ, Ὢ Ὢ, 

Ὣ Ὣ and Ὤ Ὤ are drawn (Fig. 2.6.7). The conditions of the balance are drawn up sim-

ilarly to the conditions discussed above, and the forces in the rods: 6, 7, 9 ï 15 are find 

similarly with the forces found. 

 

 

Fig. 2.6.7 

 

Exercise 2. Given, the magnitude of the external load acting on the truss (Fig. 2.6.8 

a): Ὂ φ kN, Ὂ ψ kN. One needs to determine the reactions of supports ὃ and ὄ and 

the forces in the rods: Ὓ, Ὓ, Ὓ and Ὓ. 

 

 

(a) 

 

(b) 

Fig. 2.6.8 



63 
 

The conditions of the balance for the determination of support reactions are: 

ВὊ π, ὢ Ὂ π, ὢ Ὂ φ kN, 

Вὓ π, Ὑ φ Ὂ τ Ὂ ω π, 

Ὑ ρρ, kN, 

Вὓ π, ὣ φ Ὂ τ Ὂ σ π, 

ὣ ρ, kN. 

The verification. Finding the total of moments of forces relative to a point ὑ:  

Вὓ ὢ τ ὣ ω Ὑ σ φ τ ρ ω ρρσ π. 

Finding forces in rods: 2, 5 (Fig. 2.6.9 a), 8 and 7 (Fig. 2.6.9 b). The section ὥ

ὥ. The conditions of the balance of the cutïoff part relative to the points: Ὁ and Ὃ are: 

Вὓ π, ὢ τ ὣ σ Ὓ τ π,  

Ὓ φȢχυ, kN, 

Вὓ π, Ὓ τ Ὂ τ ὣ σ π,  

Ὓ υȢςυ, kN, 

ВὊ π, Ὓ ὣ π, Ὓ ὣ ρ, kN, 

 

 

(a) 

 

(b) 

Fig. 2.6.9 

 

The section ὦ ὦ (Fig. 2.6.9 b). The condition of the balance of the cutïoff part 

according to the projection of forces is: ВὊ π, Ὓ ÃÏÓ‌ ὣ π, 

Ὓ
Ȣ
ρȢςυ, kN, where: ÃÏÓ‌ πȢψ. 

 

Questions and comments: 

 

2.6.1. The determination of support reactions using the equilibrium equations of 

entire truss. 

2.6.2. Finding the geometric elements of the truss: the coordinates of nodes, the 

dimensions of links, the guide angles. 

2.6.3. Finding forces in the rods of truss using the section method. 
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2.7. Finding the reactions of the supports of statically definable frame 

when it is loaded by a system of forces 

 

Exercise. Given, the magnitude of the external load on a flat statically definable 

frame (Fig. 2.7.1): Ὂ ρρ N, Ὂ ρφ N, ‌ σπ, ὓ ψ NĬm and ή φ N/m. The 

exercise assigns one to determine the reactions of the supports ὃ and ὄ. 

One can replace the distributed load ή with the concentrated force ὗ and apply it in 

the middle of the loaded area: ὗ ή ρȢπ φ ρȢπ φȢπ, N. 

 

 

 
 

(a) 

 

(b) 

Fig. 2.7.1 

 

The use of the equations of balance of the frame: 

ВὊ π , ὢ Ὂ ÃÏÓ‌ Ὂ π, 

ὢ Ὂ ÃÏÓ‌ Ὂ ρρÃÏÓσπ ρφ φȢτχ, N, 

Вὓ Ὂ π, 

Ὂ πȢυ ὗ πȢυ Ὂ ÃÏÓ‌ ρȢσ Ὂ ÓÉÎ‌ ρȢπ ὓ Ὑ ρȢπ π, 

Ὑ Ὂ πȢυ ὗ πȢυ Ὂ ÃÏÓ‌ ρȢσ Ὂ ÓÉÎ‌ ρȢπ ὓ  

ρφπȢυ φ πȢυ ρρÃÏÓσπ ρȢσ ρρÓÉÎσπ ρȢπ ψ  

ωȢψψ, N, 

Вὓ Ὂ π, ὣ ρȢπ Ὂ πȢυ ὗ πȢυ Ὂ ÃÏÓ‌ ρȢσ ὓ π, 

ὣ Ὂ πȢυ ὗ πȢυ Ὂ ÃÏÓ‌ ρȢσ ὓ   

ρφπȢυ φ πȢυ ρρÃÏÓσπ ρȢσ ψ ωȢσψ, N. 

The verification condition of the balance: 

Вὓ Ὂᴆ ὢ ρȢσ ὣ πȢυ Ὂ πȢψ Ὂ ÓÉÎσπ πȢυ ὓ Ὑ πȢυ   

φȢτχρȢσ ωȢσψπȢυ ρφπȢψ ρρπȢυ πȢυ ψ ωȢψψπȢυ   

πȢππωπ. 
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Questions and comments: 

 

2.7.1. The use of balance equations for determination of reactions of supports of 

statically definable frame under the action of concentrated force, moment and distributed 

load. 

2.7.2. The use of the balance equation to verify the support reactions found. 

 

2.8. Determination of the magnitude and point  

of application of distributed load resultant  

 

Replacement of a distributed load of constant intensity with a resultant force. The 

distributed load of constant intensity ή acts on a section of length ὰ (Fig. 2.8.1 a). It is 

required to replace a distributed load of constant intensity with an equivalent concentrated 

force, that is, to find the resultant ὗ. 

 

 

 

 

(a) 

 

(b) 

Fig. 2.8.1 

 

The elementary concentrated force is equal to (Fig. 2.8.1 b): Ὠὗ ή Ὠὢ. 

The resultant ὗ of the distributed load can be determined by the integrating: 

ὗ ᷿ή Ὠὢ ή ὰ. 

The resultant ὗ is equal numerically to the area of the distributed load diagram: 

ὗ ή ὰ and passes through the center ὅ of this area: ὼ ὰȾς for the even distribution 

of the load. 

The option of load unevenly linear distributing is done on the diagram (Fig. 2.8.2). 

 

  

Fig. 2.8.2 
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The elementary concentrated force is equal to: Ὠὗ ὢ Ὠὢ for unevenly 

linear distributing of load. 

Resultant ὗ of the distributed load is determined as: ὗ . 

Position of the center ὅ of area of the distributed load diagram is: ὼ ὰ ςȾσ. 

 

Questions and comments: 

 

2.8.1. The replacing of distributed load with its resultant. 

2.8.2. The determining of the center of area of the distributed load diagram. 

 

2.9. Creating diagrams of forces and moments  

in the calculations of rod structures  

 

The sequence of creating diagrams. It is required for a given statically definable 

frame (Fig. 2.9.1) to create diagrams of bending moments ὓ, transverse forces ὗ and 

longitudinal forces ὔ. 

 

 

(a) 

 

 

 

 

(b) 

Fig. 2.9.1 

 

In structural mechanics, the following order of diagrams creating is usual: 

(a) determination of support reactions; 

(b) creating of the diagram of bending moments ὓ; 

(c) creating of the diagram of shear forces ὗ; 

(d) creating of the diagram of longitudinal forces ὔ. 

Determination of support reactions. The equation of the balance for the rod ὄὈ: 

Вὓ π, Ὄ τ Ὂ ς π and Ὄ σ, kN.  



67 
 

The equation of the balance for entire structure: 

Вὢ π, Ὄ Ὄ Ὂ π and Ὄ Ὂ Ὄ σ, kN, 

Вὓ π and ὠ τ Ὂ ς ή τ ς ά π, 

ὠ φ ς ς τ τ ψ σ, kN, 

Вὣ π, ὠ ὠ ή τ π and ὠ σ ς τ υ, kN. 

The verification of the correctness of the support reactions determining. The bal-

ance equation is drawn up relative to point 0 (the intersection of the axes, Fig. 2.9.1 a) to 

check the reactions found of the supports, because this equation includes all the found 

reactions of the supports and at the same time it does not include the moments of the given 

distributed load of assigned intensity ή and the concentrated force Ὂ: 

Вὓ ὠ ς Ὄ ς ά ὠ ς Ὄ ς   

υ ς σ ς ψ σ ς σ ς π. 

The general rules of bending moments diagrams determining: 

(a) the diagram of bending moments is created on stretched fibers; 

(b) the bending moment in the hinge is zero except for the case of the application 

of concentrated moment in the immediate vicinity of the hinge; 

(c) at the point of the application of the concentrated moment on the diagram of 

bending moments there is a step by the magnitude of this moment; 

(d) at the point of the application of concentrated force on the diagram of bending 

moments there is a kink, that is the angle of inclination of the diagram changes; 

(e) in a section with a distributed load of constant intensity the diagram of bending 

motions has the shape of a parabola convex towards the load; 

(ʘ) when determining the diagram of bending moments that is linear on a section of 

a structure, the moment values at the ends of the section are sufficient, and when deter-

mining a curved diagram, another moment value in the middle section can be added. 

The determining of the bending moments diagram is shown on the graph (Fig. 2.9.1 

b). The diagram of bending moments in the ὃὅ section is linear and is created by two 

points: ὓ π and ὓ Ὄ τ σ τ ρς, kNĬm. 

On the ὄὈ post there are two sections ὄὋ and ὋὈ, within each of which the mag-

nitude of the bending moment varies linearly: ὓ ὓ π  

and ὓ Ὄ ς σ ς φ, kNĬm. 

The ὅὈ area. Moment equilibrium: ὓ, ὓ  and ὓ  at node ὅ of the frame is 

considered on the diagram (Fig. 2.9.2): ὓ ὓ ὓ π, 

then ὓ ὓ ὓ ρςψ τ, kNĬm and ὓ π in the hinge joint. 
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Fig. 2.9.2 

 

The convexity of the parabola in section ὅὈ is directed downward (in the direction 

of action of the distributed load, that is a parabola convex towards the load, Fig. 2.9.3). 

 

 

 

(a) 
 

(b) 

Fig, 2.9.3 

 

Finding the bending moment in the middle section of the element with the distrib-

uted load at the point Ὁ. The method of stratification of diagrams is used, the curvilinear 

diagram is presented as the sum of two parts: 

(1) one part of the diagram is a triangle with a leg ὥ; 

(2) the other part of the diagram is a parabolic segment with a height Ὤ. 

The bending moment in the middle of the section is equal to the difference: 

ὓ Ὤ ί. 

The height of the parabolic segment of the diagram of bending moments, which is 

the magnitude of the moment Ὤ for the parabolic part of the diagram for: ὼ ὰȾς, is de-

termined by the dependence: Ὤ ή ὰȾψ, where ή ï the distributed load intensity, the 

section length ὰ is 4 m. In the middle of the Ὁ of leg ὅὈ the magnitude of the moment ί 

for the triangular part of the diagram is equal to: ί ὥȾς. 

The resulting value of the bending moment in the middle section of the element 

with the distributed load at the point Ὁ is equal to:  

ὓ ή ὰȾψ ὥȾς ς τȾψ τȾς ς, kNĬm. 

The resulting diagram of the bending moment ὓ is on the graph (Fig. 2.9.4 a). 
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(a) 

 

(b) 

 

(c) 

Fig. 2.9.4 

 

Calculation and creating of the diagram of transverse (the shear) forces ὗ (Fig. 2.9.4 

b). The differential interdependence between the bending moment ὓ and shear force has 

the form: ὗ . 

The bending moment ὓ as a function of the longitudinal coordinate ὼ of the crossï

section within the section length ὰ is determined as: ὓ , where 

ὓ  and ὓ  ï the values of bending moments at the beginning and at the end of the section. 

The first two terms serve to determine the bending moment in the presence of a transverse 

load distributed over the area ή. 

The shear force is: ὗ ή ὼ . 

Shear force in initial and final sections equals: ὗ  at ὼ π 

and ὗ  at ὼ ὰ. 

For creating the diagrams of transverse (the shear) forces ὗ the previously deter-

mined diagram of bending moments can be used, in which the values of transverse forces 

in sections are determined as: ὗ σ, kN on the ὃὅ section, 

ὗ τ ρ υ, kN 

and ὗ τ ρ σ, kN on the ὅὈ section, 

ὗ σ, kN on the ὋὈ section 

and ὗ σ, kN on the ὄὋ section. 

Determining of the diagram of longitudinal forces ὔ (Fig. 2.9.4 c). To find the lon-

gitudinal forces one needs to cut out the frame nodes, to create equations of the balance 

for the external and internal forces, acting on each node, and to determine the longitudinal 

forces acting on each node: ὔ υ kN and ὔ σ kN by the conditions of balance 

of the node ὅ and ὔ σ kN by the balance of node Ὀ. 
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Questions and comments: 

 

2.9.1. The sequence of diagrams determining: the bending moments, the shear 

forces and the longitudinal forces. 

2.9.2. Determination of support reactions using the balance equations of a mechan-

ical system and checking the location of forces. 

2.9.3. The general rules of bending moments diagrams determining. 

2.9.4. Shapes by sections of the bending moment diagrams depending on the load 

on mechanical system sections. 

2.9.5. Method of stratification when determining the diagrams taking into account 

the effects of various loads on a section of mechanical system. 

2.9.6. The differential interdependence between bending moment and shear force. 

2.9.7. Bending moment as a function of longitudinal coordinate of the crossïsec-

tion. 

2.9.8. Using a diagram of the bending moments to determine the diagram of shear 

(the transverse) forces. 

2.9.9. The calculation of longitudinal forces and determining the diagram of longi-

tudinal forces in sections of mechanical system by cutting out it nodes. 

 

2.10. Calculation of forces in multiïspan statically definable beams 

and determining the diagrams of forces and moments 

 

The dependence of static definability on the number of hinges is illustrated by the 

examples of a hinged cantilever beam (Fig. 2.10.1), including: the twoïsupport statically 

definable simple beam (Fig. 2.10.1 a), the single statically indefinable twoïspan beam 

(Fig. 2.10.1 b), the triple statically indefinable fourïspan beam (Fig. 2.10.1 c) and the 

multiïspan statically indefinable beam (Fig. 2.10.1 d). 

 

 

(a) 
 

(b) 
 

 

(c) 
 

(d) 

Fig. 2.10.1 

 

The number of hinges of a statically definable hinged cantilever beam can be found 

using P.L. Chebyshevôs formula, showing the number of degrees of freedom:                       
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ύ σ Ὀ ς Ὕ ὅ π, where Ὀ ï the number of mechanical system disks, Ὕ ï the 

number of simple hinges, ὅ ï the number of elementary support links. 

The number of disks and hinges can be interdependent by the formulas: 

Ὀ Ὕ ρ, σ Ὕ ρ ς Ὕ ὅ π and Ὕ ὅ σ. 

Geometric variability of hingedïcantilever beams. The examples of geometrically 

invariable hingedïcantilever beams are shown in the diagrams (Fig. 2.10.2 a and b). 

 

 

(a) 

 

(b) 

Fig. 2.10.2 

 

In order for a statically determined hingedïcantilever beam to be geometrically un-

changeable, the following conditions must be met: 

1. Each span of the hingedïcantilever beam cannot have more than two hinges. 

2. There cannot be two hinges in each span in the adjacent spans. 

3. The adjacent spans cannot be without hinges. 

4. There cannot be more than one hinge in outer span with an outer hinged support. 

5. There must be at least one hinge at the end in the outermost span with a rigid 

embedment. 

The primary and secondary elements of cantilever beams: 

1. Basic elements of cantilever beams are those which remain geometrically un-

changed when adjacent elements are removed. 

2. The secondary elements of cantilever beams due to insufficient number of sup-

port connections are not remain geometrically unchanged when the adjacent elements are 

removed. 

Example: the floor diagram. Calculation of the multiïspan statically definable beam 

(Fig. 2.10.3) and the determining of bending moments and transverse (shear) forces dia-

grams can be performed by the dividing of beam into individual elements using the floor 

diagram, which is determined taking into account the interaction of elements. 

The sequence of floor diagram determining. The hinges are replaced with hingedï

fixed supports (with the same number of connections). For example, from left to right: the 

individual elements are shown above, if the previous one element is geometrically un-

changeable, or are shown below ï if the previous one changeable. 

The system of singleïspan beams which absorb a given load and pressure from the 

elements indicated above is the result. 

The impact of the main element on the lower secondary one in the floor diagram 

equals to the reaction of the support of the higher element and has the opposite direction. 
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Fig. 2.10.3 

 

Questions and comments: 

 

2.10.1. Static definability of hinged cantilever beam depending on the number of 

hinges. 

2.10.2. Determination of the number of degrees of freedom of a mechanical system 

by P.L. Chebyshev's formula depending on the number of hinges, disks and support con-

nections. 

2.10.3. The geometric variability of hinged cantilever beams. 

2.10.4. Conditions of the geometric invariability of a hinged cantilever beam. 

2.10.5. Primary and secondary elements of the cantilever beams. 

2.10.6. Application of the floor diagram to calculate a multiïspan statically deter-

mined beam and to make diagrams of bending moments and shear forces.  
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2.11. Using the forces method in the form of threeïmoment equation 

to determine the forces acting in continuous beams 

 

Beams that lie on more than two supports and do not have the intermediate hinges 

are the continuous beams. The degree of static indefinability ὲ of a continuous beam is 

equal to: ὲ ὅ σ, where ὅ ï the number of support connections. 

The main system is one that is obtained from a given arrangement of hinges over 

all intermediate supports.  

In this case, the extra (redundant) unknowns are the bending moments ὓ  in the 

support sections. 

The equivalent system represents a series of simple supported beams loaded with a 

given forces (concentrated and distributed) and unknown moments. 

The action of a given load applies only to the span on which the load is applied. 

Its action is transmitted to other spans through supporting bending moments ὓ . 

An example of a continuous beam resting on more than two supports and not having 

the intermediate hinges is shown on the diagram (Fig. 2.11.1). 

 

 

Fig. 2.11.1 

 

The supports are usually numbered from left to right, designating the leftmost sup-

port with a number π. The span number corresponds to the number of its right support. 

The use of the forces method in the form of threeïmoment equation. Physical con-

cept of the threeïmoment equation means that the angle of mutual turn of the sections 

adjacent to the cutïout hinge on both sides is equal to zero: 

ὓ ὰ ς ὓ ὰ ὰ ὓ ὰ φ Ὑ , where: Ὑ ὄ ὃ  ï 

fictitious support reaction on the Ὥïth support (Fig. 2.11.2), equal to the sum of the reac-

tions of singleïspan beams located to the left and right of the Ὥïth support from the load 

distributed according to the patterns of bending moments: ὄ
 

 

and ὃ
 

. 
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Fig. 2.11.2 

 

The support reactions when loading singleïspan beams ï typical options are shown 

in the diagrams (Fig. 2.11.3, 2.11.4, 2.11.5 and 2.11.6) and determined by given formulas: 

ὃ ό ὺ ρ ὺ  

and ὄ ό ὺ ρ ό for the 

singleïspan beam option shown on the di-

agram (Fig. 2.11.3); 

 

 

 
Fig. 2.11.3 

 

ὃ ρ ὥ  

and ὄ ρ ὥ for the singleï

span beam option on the diagram                 

(Fig. 2.11.4); 

 

 

 
Fig. 2.11.4 

 

ὃ  and ὄ  for the option of 

singleïspan beam on the diagram                  

(Fig. 2.11.5); 

 

 
Fig. 2.11.5 

 

ὃ ή ὰ and ὄ ή ὰ 

for the option of singleïspan beam on the 

diagram (Fig. 2.11.6). 

 
Fig. 2.11.6 

 

An example of the calculation of a continuous beam using the threeïmoment equa-

tion (the forces method). A continuous beam and its basic system are shown on the dia-

gram (Fig. 2.11.7). 
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Fig. 2.11.7 

 

To transform the diagram of a continuous beam to its main system, one applies a 

moment and transverse force on the support instead of the distributed load acting on the 

console (ρȢυ ή): ὓ φ, kNĬm, ὗ σ ς φ, kN. 

The three moment equations for each intermediate support have the form: 

ὓ ὰ ς ὓ ὰ ὰ ὓ ὰ φ Ὑ , 

ὓ ὰ ς ὓ ὰ ὰ ὓ ὰ φ Ὑ , 

ὓ ὰ ς ὓ ὰ ὰ ὓ ὰ φ Ὑ . 

The bending moments from given span load in the main system are shown on the 

diagram (Fig. 2.11.8) indicating the dimensions of the spans of a continuous beam. 

 

 

Fig. 2.11.8 

 

Calculation of fictitious (the imaginary) reactions along the spans of a continuous 

beam. The first span: 

Ὤ ρς kNĬm, ὰ υ m, ‫ ὰ Ὤ υ ρς σπ, kNĬm2, 

ὥ π σ υ ςȢφχ, m, ὦ π ς υ ςȢσσ, m,  

ὃ
Ȣ

ρτ, kNĬm2 and ὄ
Ȣ

ρφ, kNĬm2. 

Second span: ‫ π, ὃ π and ὄ π. 

Third span: Ὤ ςςȢυ kNĬm, ὰ φ m, 

‫ ὰ Ὤ φ ςςȢυ φχȢυ, kNĬm2, 

ὥ ὦ σ m, ὃ ὄ
Ȣ

σσȢχυ, kNĬm2, 
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Ὤ ςȢςυ kNĬm, ὰ ὰ φ σ, m, 

‫ ὰ Ὤ σ ςȢςυ τȢυ, kNĬm2, 

ὥ τȢυ m, ὦ ρȢυ m, ὃ
Ȣ Ȣ

σȢσχυ, kNĬm2  

and ὄ
Ȣ Ȣ

ρȢρςυ, kNĬm2. 

The fourth span: 

Ὤ φ kNĬm, ὰ τ m, ‫ ὰ Ὤ τ φ ρφ, kNĬm2, 

ὥ ὦ ς m and ὃ ὄ ψ, kNĬm2. 

Finding of fictitious (the imaginary) external load indicators on the right side of the 

threeïmoment equation: Ὑ ὄ ὃ , 

Ὑ ὄ ὃ ρφπ ρφ, kNĬm2, 

Ὑ ὄ ὃ π σσȢχυσȢσχυ σχȢρςυ, kNĬm2, 

Ὑ ὄ ὃ σσȢχυρȢρςυψ τςȢψχυ, kNĬm2. 

Based on the initial data and when creating the main system, the following support-

ing points were determined: ὓ π and ὓ φ kNĬm. 

Finding the remaining supporting moments using threeïmoment equation (the 

forces method). The system of the equations for supports 1, 2 and 3 has the form: 

ς ὓ ρπὓ υ φ ρφ, 

ὓ υ ς ὓ υ φ ὓ φ φ σχȢρςυ, 

ὓ φ ς ὓ φ τ φ τ φ τςȢψχυ. 

The support moments are found: ὓ σȢρ kNĬm, ὓ φȢψ kNĬm 

and ὓ ωȢφ kNĬm. 

Determining the diagram of the support moments and the diagrams of bending mo-

ments M and shear forces ὗ. For determining the diagrams of bending moments one sum-

marizes the diagrams of moments from the support moments ὓ  (Fig. 2.11.9 a) and from 

the span load ὓ  (in the main system, Fig. 2.11.9 b). 

 

 

(a) 

 

(b) 

Fig. 2.11.9 
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The diagram of transverse (cutting) forces ὗ (Fig. 2.11.10 a) one can find by dif-

ferentiating the diagram of bending moments ὓ(Fig. 2.11.10 b). 

 

 

(a) 

 

(b) 

Fig. 2.11.10 

 

Questions and comments: 

 

2.11.1. The concept of a continuous beam, the degree of it static indefinability. 

2.11.2. The basic system when calculating a continuous beam. 

2.11.3. Using the forces method in the form of threeïmoment equation. The physi-

cal concept of the threeïmoment balance. 

2.11.4. The fictitious support reaction on the support equality to the sum of the 

reactions of singleïspan beams located to the left and right of the support from the load 

distributed according to the pattern of bending moments. 

2.11.5. Typical examples of singleïspan beams used to find the support reactions. 

2.11.6. The threeïmoment equations for each intermediate support. 

2.11.7. Calculation of fictitious (the imaginary) reactions along spans of the contin-

uous beam. 

2.11.8. Finding of fictitious (the imaginary) external load. 

2.11.9. Finding of support moments using the threeïmoment equation. 

2.11.10. Determining the diagrams of bending moments by summing the diagram 

of moments from the span load and the diagram of the support moments.  

2.11.11. Finding the diagram of transverse (the shear) forces by differentiating the 

diagram of bending moments. 
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2.12. Impact of a moving load on a beam and creation 

of a line of influence of a moving load 

 

A line of influence (ὒὍ) is a graph of the dependence of a certain factor (the reaction, 

or the force in any section, or the displacement of point, etc.) on the position of a unit of 

the force application in a constant direction on a structure (the system of bodies, etc.). 

The influence line is not a diagram. Diagram is the graph of any definite dependence 

of the factor (the internal force, or displacement, etc.) of the stressïstrain state of this 

element (the structure, mechanical system, etc.) on a given stationary load, determined 

along the axes of the elements of a mechanical system. 

When determining a line of influence, the load taken, in particular, is a unit load, 

which is a unit weight (ὖ ρ, when bending a rod as part of a truss or frame ï a unit force 

directed vertically downward or by perpendicular to the axis of this element). The line 

along which a unit load moves is denominated a load line. 

Static or kinematic methods for determining of influence lines are used. The static 

method is considered below as the example (Fig. 2.12.1). 

Determining the lines of influence of the support reactions ὒὍ Ὑ and ὒὍ Ὑ . 

It follows: Ὑ π at ὼ π, the Ὑ ρ and Ὑ ὼȾὰ at ὼ ὰ from the equation 

of balance: Вὓ π, Ὑ ὰ ὖ ὼ π. 

At ὼ π, Ὑ ρ and at ὼ ὰ: Ὑ π and Ὑ ὰ ὼȾὰ following from the 

equation of the balance: Вὓ π, Ὑ ὰ ὖ ὰ ὼ π.  

Determining of line of influence on bending moment ὒὍ ὓ  of the load position. 

The left branch of the influence line ὒὍ ὓ . At: ὥ ὼ ὥ it follows: ὓ π 

at ὼ π, ὓ ὦ at ὼ ὰ and ὓ  at ὼ ὥ from the condition of the balance of 

the cut off right part of the beam: ὓ Ὑ ὦ ὦ. 

The creation of the right branch of line of influence ὒὍ ὓ : ὥ ὼ ὰ ὦ. 

From the condition of the balance of the cut off left part of the beam: 

ὓ Ὑ ὥ ὥ it follows: at ὼ π, ὓ ὥ and at ὼ ὰ, ὓ π. 

The determining of lines of influence of the position of unit load on the magnitude 

of transverse (the shearing) force ὒὍ ὗ  (Fig. 2.12.1). 

The determining of the left branch of the line of influence on transverse force ὒὍ 

ὗ . From the condition of balance of the cut off right part of beam: ὗ  Ὑ ὼȾὰ 

at ὥ ὼ ὥ it follows: ὗ π at ὼ π, ὗ ρȾὰ at ὼ ὰ and ὗ ὥȾὰ                        

at ὼ ὥ. 
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Fig. 2.12.1 

 

The right branch determining of the line of influence on transverse force ὒὍ ὗ . 

From the condition of the balance of the cut off left part of beam: ὗ Ὑ ὰ ὼȾὰ at 

ὥ ὼ ὰ ὦ it follows: ὗ ρ at ὼ π, ὗ π at ὼ ὰ and ὗ ὰ ὥȾὰ ὦȾὰ 

at ὼ ὥ. 

Determination of the internal forces in sections on beam consoles (Fig. 2.12.2). 

The internal forces in sections to the left of the console ὑ: ὓ π and ὗ π 

at ὼ π, ὓ ὖ ὼ ὼ at π ὼ ὧ and ὗ ρ. 

Internal forces in sections to the right of the console ὑ: ὓ π and ὗ π at 

ὼ π, ὓ ὖ ὼ ὼ at π ὼ Ὠ and ὗ ρ.  
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Fig. 2.12.2 

 

Questions and comments: 

 

2.12.1. The line of influence of a force when moving the point of the force applica-

tion without changing the direction of the force. 

2.12.2. The load line along which a unit load moves. 

2.12.3. Line of influence of the position of unit load on the magnitude of the trans-

verse (the shearing) force. 

 

2.13. Lines of influence during nodal transmission of moving loads  

 

An example of determining of the line of influence on bending moment ὒὍ ὓ  in 

section ὑ of the main beam ὃὄὅ with nodal load transfer. 

The mechanical system elements: main beam, auxiliary (the longitudinal) beam, 

cross beam, node, panel. The panel ï area between two adjacent nodes. 

The data in considered example corresponds to the diagram (Fig. 2.13.1). Longitu-

dinal beams are at the intervals: (0ï1) (1ï2), é (4ï5). The nodes are: 0, 1, 2, 3, 4 and 5. 

 

 

Fig. 2.13.1 
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The influence line ὒὍ ὓ  on bending moment is got without considering the nodal 

load transfer has the form (Fig. 2.13.2). 

 

 

Fig. 2.13.2 

 

Creation of the line of influence ὒὍ on bending moment ὓ  without taking into 

account the nodal load transfer, which is when moving the unit load along the main beam 

in the interval (1ï2). To determine the line of influence of the bending moment ὒὍ ὓ  in 

section ὑ it is necessary to indicate the ordinate: ὥ ὦȾὰ and to connect the resulting 

vertex of the line of influence ὒὍ with zero ordinates under the left ὃ and right ὄ supports 

of the main beam (Fig. 2.13.1). 

Consider the position of unit load (Ὂ ρ) applied on one of the secondary beams, 

for example, on the beam (1ï2). The beam calculation (1ï2) one can perform independent 

on others. 

The support reactions on the beam (1ï2) as a function of the unit force (Ὂ ρ) are 

equal: Ὑ  and Ὑ . 

The load forces on the main beam in the nodes 1 and 2 are equal in magnitude to 

the found reactions Ὑ and Ὑ and are opposite to them in direction. There are no forces 

from the remaining beams, because they are not loaded. 

The determininf of the line of influence ὒὍ on bending moment ὓ  in section ὑ in 

when moving a unit load within the panel (secondary beam 1ï2). Finding of bending 

moment ὓ  in the section ὑ of the main beam when moving a unit load along the second-

ary beam (1ï2). The line of influence ὒὍ on the bending moment ὓ  is used when moving 

the unit force (Ὂ ρ) along the main beam directly, loading it with the support reactions 

Ὑ and Ὑ. The bending moment ὓ  is equal to:  

ὓ Ὑ ώ Ὑ ώ ώ ώ, that is: ὓ ώ at ὼ π and ὓ ώ 

at ὼ Ὠ. 

The diagram (Fig. 2.13.3) shows the final decision of the line of influence ὒὍ on the 

bending moment ὓ  in section ὑ of the main beam ὃὄὅ with nodal load transfer. 
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Fig. 2.13.3 

 

Conclusions. When the unit force is positioned on the secondary beam, the line of 

influence has the shape of a straightïline segment connecting the ordinate vertices (ώ and 

ώ) of the line of influence at the nodes. To create the influence line on the main beam one 

would connect the ordinates at the next nodes (at the beginning and at the end of each 

panel: ώ, ώ and others) by the straight segments, having identified the ordinates of the 

influence line in the nodes. These segments are denoted the transfer lines. The resulting 

broken line is the final line of influence ὒὍ of the bending moment ὓ  in section ὑ of the 

main beam. 

 

Questions and comments: 

 

2.13.1. Line of influence of bending moment during nodal load transfer. The con-

sidered elements of the mechanical system: main beam, auxiliary (the longitudinal) beam, 

transverse beam, node, panel.  

2.13.2. Creation of the line of influence of the bending moment without taking into 

account the nodal load transfer, which is when moving a unit load along the main beam. 

2.13.3. The creation of the line of influence of the bending moment in section in 

when moving a unit load within the panel. 

2.13.4. The final view of the line of influence of the bending moment in the section 

of the main beam with nodal load transfer, the transfer lines.  
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2.14. Lines of influence on forces acting in the truss rods 

 

Example of the determining of line influence ὒὍ of forces in the rods of second 

panel of a beam truss. The lower band of the truss can be driven (if serve as a platform for 

moving cargo). Static method of line influence determining is used, taking into account 

the nodal load transfer. Data in considered example meets the diagram (Fig. 2.14.1). 

 

 

Fig. 2.14.1 

 

The determining of lines of influence of support reactions (Fig. 2.14.2). By the 

equations, the support reactions are determined as a function of the position (ὼïcoordi-

nate) of a unit load (Ὂ ρ): Ὑ  and Ὑ . 

 

 

Fig. 2.14.2 

 

In accordance with exercise, for the example, the section is made along the second 

panel, dividing this second panel along rods 6, 7 and 8. The determining of lines of influ-

ence of forces in the truss rods is indicated on the scheme (Fig. 2.14.3). 
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Fig. 2.14.3 

 

The determining of the line of influence ὒὍ ὔ  of forces in the sixth rod. The left 

segment of the line of influence ὒὍ ὔ  is determined when a unit load (Ὂ ρ) is applied 

on the leg: π ὼ Ὠ. The moment point method is used for the force system acting to 

the right of the section: Вὓ π, ὔ Ὤ Ὑ Ὠ π, ὔ Ὑ ὨȾὬ 

or ὔ ὼȾσ Ὤ. 

Determining of right segment of the line of influence ὒὍ ὔ , when unit load (Ὂ

ρ) is applied to the point: ς Ὠ ὼ τ Ὠ. The moment point method is used for the 

force system acting to left segment of the section: Вὓ π, ὔ Ὤ Ὑ ς Ὠ π, 

ὔ Ὑ ς ὨȾὬ or ὔ ς σ Ὠ ὼȾσ Ὤ. The transfer line connects the co-

ordinate vertices at the boundaries of the dissected panel.  

Determining the line of influence ὒὍ ὔ . The force projection method is used. 

Left section: π ὼ Ὠ of the line of influence ὒὍ ὔ . For the right cutïoff part, 

the equation of the balance is drawn up: Вὣ π, ὔ ÓÉÎ‌ Ὑ π, 

ὔ ὙȾÓÉÎ‌ or ὔ ὼȾσ Ὠ ÓÉÎ‌. 
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Right section: ς Ὠ ὼ τ Ὠ of the line of influence ὒὍ ὔ . For the left cutï

off part, the equation of the balance is drawn up: Вὣ π, ὔ ÓÉÎ‌ Ὑ π, 

ὔ ὙȾÓÉÎ‌ or ὔ σ Ὠ ὼȾσ Ὠ ÓÉÎ‌. 

The transfer line connects the vertices found of the influence line ὒὍ ὔ . 

The determining of right part of line of influence ὒὍ ὔ . Left section: π ὼ Ὠ of 

the line of influence ὒὍ ὔ . The moment point method is used for the force system acting 

to the right segment of the section: Вὓ π, ὔ Ὤ Ὑ ς Ὠ π, 

ὔ Ὑ ς ὨȾὬ or ὔ ς ὼȾσ Ὤ. 

Right section: ς Ὠ ὼ τ Ὠ of the line of influence ὒὍ ὔ . 

One uses the moment point method for the force system acting to the left section: 

Вὓ π, ὔ Ὤ Ὑ Ὠ π, ὔ Ὑ ὨȾὬ or ὔ σ Ὠ ὼȾσ Ὤ. 

The transfer line connects the found vertices of the influence line ὒὍ ὔ . 

The determining of right part of line of influence: ὔ  and ὔ and finding the verti-

ces of the influence lines (the forces values) by cutting out nodes (Fig. 2.14.4). 

 

 

Fig. 2.14.4 

 

The node Ὄ is cut out, and force found is: ὔ π. 

Node Ὀ is cut out and equations of the balance are drawn up for sections. Coordi-

nate value (force ὔ) for sections of the line of influence ὒὍ ὔ is equal to: ὔ π in area: 

π ὼ Ὠ, ὔ ρ at the point: ὼ ς Ὠ and ὔ π in the area: σ Ὠ ὼ τ Ὠ. 

The transfer line connects the vertices found of the line of influence ὒὍ ὔ. 

 

Questions and comments: 

 

2.14.1. The lines of influence on forces in the rods of a beam truss, the lower band 

of which is the platform for moving the load. 
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2.14.2. Finding support reactions and determining their lines of influence. 

2.14.3. The determining of the lines of influence on the forces in each beam of truss 

when moving the load. 

 

2.15. Conditions for the balance of a spatial system of forces 

 

The vector forms of the conditions of the balance of a solid body under the influence 

of the force system ὊᴆȟὊᴆȟȣȟὊᴆ  are considered. 

For the balance of spatial force system applied to a solid body it is necessary and 

sufficient that the main vector of the force system Ὑᴆ be equal to zero, and the main vector 

of moment ὓᴆ of the system relative to any center of reduction was also equal to zero, that 

is: ὊᴆȟὊᴆȟȣȟὊᴆ πͯ, that is: Ὑᴆ π and ὓᴆ π. 

The scalar form of the conditions of the balance of solid body under the influence 

of the force system. For the balance of spatial force system ὊᴆȟὊᴆȟȣȟὊᴆ , applied to a 

solid body, it is necessary and sufficient that the magnitude (the modulus) Ὑ of the main 

vector of forces and of the main moment ὓ  of these forces relative to any center of the 

reduction were equal to zero: Ὑ Ὑ Ὑ Ὑ , that is: Ὑ π, Ὑ π and Ὑ π, 

ὓ ὓ ὓ ὓ , that is: ὓ π, ὓ π and ὓ π. 

The conditions of the balance of a solid body under the influence of spatial systems 

of forces ὊᴆȟὊᴆȟȣȟὊᴆ . Conditions of the balance under the influence of an arbitrary spa-

tial force system: ВὊ π, ВὊ π, ВὊ π, ὓ π, ὓ π and ὓ π. 

The spatial system of parallel forces (Fig. 2.15.1 a). Conditions of the balance of 

solid body under the influence of a spatial system of parallel forces have the form: 

ВὊ π, Вὓ Ὂᴆ π and Вὓ Ὂᴆ π. 

 

 

(a) 

 

(b) 

Fig. 2.15.1 
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The spatial system of converging forces (Fig. 2.15.1 b). Conditions of the balance 

of a body under the influence of a spatial system of converging forces have the form: 

ВὊ π, ВὊ π and ВὊ π. 

Arbitrary flat system of forces (Fig. 2.15.1 a). The necessary and sufficient condi-

tions of balance of a body under the influence of an arbitrary flat force system have the 

form: ВὊ π, ВὊ π and Вὓ Ὂᴆ π. 

 

 

 

 

(a) 

 

 

 

(b) 
 

(c) 

Fig. 2.15.2 

 

Flat system of parallel forces (Fig. 2.15.2 b). The necessary and sufficient condi-

tions of the balance of solid body under the influence of a plane system of parallel forces 

have the form: ВὊ π and Вὓ Ὂᴆ π.  

Plane system of converging forces (Fig. 2.15.2 c). The necessary and sufficient con-

ditions of balance of a body under the influence of a flat system of converging forces have 

the form: ВὊ π ÁÎÄ ВὊ π.  

 

Questions and comments: 

 

2.15.1. The vector form of the necessary and sufficient conditions of balance of 

solid body under the action of a spatial system of forces. 

2.15.2. Scalar form of the necessary and sufficient conditions of balance of a solid 

body under the action of a spatial system of forces. 

2.15.3. The necessary and sufficient conditions of balance of the body under the 

influence of a spatial system of parallel forces. 

2.15.4. Conditions of the balance of solid body under the influence of an arbitrary 

flat force system. 

2.15.5. Conditions of the balance of solid body under the influence of a spatial sys-

tem of parallel forces. 
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2.15.6. The necessary and sufficient conditions of balance of solid body under the 

influence of a plane system of converging forces. 

 

2.16. Reducing an arbitrary system of forces to its simplest form 

 

Reduction of an arbitrary force system acting on a solid body to a force and a pair 

of forces. Bringing the force to a given center. At the point ὃ the force Ὂᴆ operates (Fig. 

2.16.1 a). It is required to transfer the force Ὂᴆ parallel to the point ὄ (Fig. 2.16.1 b). 

 

 

(a) 

 

(b) 

 

(c) 

Fig. 2.16.1 

 

At the point ὄ one can apply two oppositely directed forces: Ὂᴆ and Ὂᴆ equal in 

magnitude force Ὂᴆ (Fig. 2.16.1 c): Ὂᴆͯ ὊᴆȟὊᴆȟὊᴆ  ͯὊᴆȟὊᴆ  and ὓᴆὊᴆȟὊᴆ ὓᴆὊᴆ. 

Theorem on parallel force transfer. A force applied to a solid body can be trans-

ferred in parallel to any point of the body by adding, wherein, a pair of forces, the moment 

of which is equal to the vector moment of the transferred force relative to the transfer 

point. 

Reducing an arbitrary system of forces to a force and a pair of forces. The replacing 

a system of forces with one force and a pair of forces applied to solid body is denominated 

the bringing the force system to a given center. 

Initial system of forces ὊᴆȟὊᴆȟȣȟὊᴆ . It is required to bring this system of forces 

(Fig. 2.16.2 a) to the center π. To do this, sequentially to each power of the system 

ὊᴆȟὊᴆȟȣȟὊᴆ  one can apply the parallel force transfer theorem. 
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(a) 

 

(b) 

 

 

(c) 

Fig. 2.16.2 

 

To do this, one needs to apply at the center 0 the balanced system (Fig. 2.16.2 b), 

consisting of ὲ oppositely directed forces, the lines of action of which converge at one 

point (that is converging forces are oppositely directed): Ὂᴆ Ὂᴆ. 

The forces applied in a balanced system are equal in magnitudes to the forces in the 

original system ὊᴆȟὊᴆȟȣȟὊᴆ : Ὂᴆ Ὂᴆ. 

The system of converging forces Ὂᴆ and pairs of forces ὊᴆȟὊᴆ) is obtained, jointly 

equivalent to a given system of forces ὊᴆȟὊᴆȟȣȟὊᴆ , applied to a solid body.  

The main vector of the force system is their vector sum (the resultant force applied 

at the center of the reduction): Ὑᴆ Ὂᴆ  Ὂᴆ Ễ  Ὂᴆ ВὊᴆ.  

The main moment of a given system of forces relative to the center of reduction is 

the vector sum of the moments of all these forces relative to the specified center: 

ὓᴆ ὓᴆὊᴆ  ὓᴆὊᴆ Ễ  ὓᴆὊᴆ ВὓᴆὊᴆ . 

Poinsot's theorem. The spatial system of forces ὊᴆȟὊᴆȟȣȟὊᴆ , acting on solid body, 

can lead to a force equal to the main vector of the force system Ὑᴆ, and the pair of forces 

(Fig. 2.16.2 c), the vector of moment ὓᴆ relative to the center of reduction 0, which is 

equal to the main moment of the forces system: ВὓᴆὊᴆ . 

 

Questions and comments: 

 

2.16.1. The reducing an arbitrary system of forces acting on solid body to a force 

and a pair of forces. 

2.16.2. The theorem on parallel force transfer. 

2.16.3. Reducing a system of forces to a point (to the center of the system of forces).  

2.16.4. The main vector of the force system is the vector of forces sum. 

2.16.5. The main moment of force system is the vector sum of the moments of all 

forces relative to the center of the force system. 


